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ARROW DIAGRAMS ON SPHERICAL CURVES AND
COMPUTATIONS
NOBORU ITO AND MASASHI TAKAMURA
Abstract. We give a definition of an integer-valued function
∑
i
αix
∗
i
de-
rived from arrow diagrams for the ambient isotopy classes of oriented spherical
curves. Then, we introduce certain elements of the free Z-module generated
by the arrow diagrams with at most l arrows, called relators of Type (ˇI) ((SˇII),
(WˇII), (SˇIII), or (WˇIII), resp.), and introduce another function
∑
i
αix˜
∗
i
to ob-
tain
∑
i
αix
∗
i
. One of the main results shows that if
∑
i
αix˜
∗
i
vanishes on
finitely many relators of Type (ˇI) ((SˇII), (WˇII), (SˇIII), or (WˇIII), resp.), then∑
i
αix˜ is invariant under the deformation of type RI (strong RII, weak RII,
strong RIII, or weak RIII, resp.). The other main result is that we obtain func-
tions of arrow diagrams with up to six arrows. This computation is done with
the aid of computers.
1. Introduction
A spherical curve is the image of a generic immersion of a circle into a 2-sphere.
Any two spherical curves are transformed into each other by a finite sequence of
deformations of three types RI, RII, and RIII, each of which is a replacement of
a part of the curve as Fig. 1. The deformations are obtained from Reidemeister
RI RII RIII
Figure 1. Deformations of three types: RI, RII, and RIII.
moves of type Ω1, Ω2, and Ω3 on knot diagrams by ignoring over/under information
of double points. It is known that a finite number of repetitions of Reidemeister
moves suffice to take any one diagram of a knot to any other.
Deformations of 5 types arise 32 (= 25) equivalence relations. By [11], it is known
that 32 equivalence relations arise a non-trivial classification problem for each of 20
equivalence relations that are mutually different. For these equivalence relations,
some interesting problems are known [6]. For example, we call an equivalence
relation generated by deformations of types RI and weak RIII weak (1, 3) homotopy,
and for it, Question 1 had remained unanswered by 2018 1. For a spherical curve P ,
we choose an orientation and replace every double point with the positive crossing,
with respect to the orientation, as shown in Fig. 3.
Date: December 20, 2018.
Key words and phrases. spherical curve; chord diagram; Reidemeister move; dimensions of
finite type invariants.
1Only for the unknot, the positive answer was given [9].
1
2 NOBORU ITO AND MASASHI TAKAMURA
RI
RII RIII
RII
strong
weak RIII
strong
weak
Figure 2. Deformations of five types: RI (left), strong RII (upper
center), weak RII (lower center), strong RIII (upper right), weak RIII
(lower right).
Figure 3. The replacement of a double point to the positive crossing
Here, every crossing of the type as in the rightmost figure of Fig. 3 is called a
positive crossing. Traditionally, if every crossing of a knot diagram is positive, the
diagram is called positive knot diagram and the knot having the diagram is called
a positive knot. By the replacement, there exists a map from P to the (unoriented)
knot diagram. It is known that the map f induces a map [f ] from a weak (1, 3)
homotopy class to the positive knot isotopy class. In 2013, Question 1 was given
by S. Kamada and independently Y. Nakanishi [6].
Question 1. Is the induced map [f ] injective?
The above map [f ] also immediately implies that every knot invariant is a positive
knot invariant, which is a weak (1, 3) homotopy invariant of spherical curves.
Let V
(n)
knot (V
(n)
w13, resp.) be a vector space generated by signed arrow diagrams
(arrow diagrams, resp.) with at most n arrows, where each element of the vector
space is a knot invariant (an invariant under weak (1, 3) homotopy, resp.). Bar-
Natan, Halacheva, Leung, and Roukema [2] compute dimV
(n)
knot/V
(n−1)
knot of spaces
of finite type invariants obtained from the Polyak Algebra, which is generated by
arrow diagrams and which has relations induced by Reidemeister moves Ω1, Ω2,
and Ω3. We obtain the computation of dimV
(n)
w13/V
(n−1)
w13 which is compared to
dimV
(n)
knot/V
(n−1)
knot .
n 2 3 4 5 6
dimV
(n)
knot/V
(n−1)
knot 0 1 4 17
dimV
(n)
w13/V
(n−1)
w13 0 1 3 13 31
Conjecture 1. The pattern of dim V
(n)
w13/V
(n−1)
w13 ≤ dim V
(n)
knot/V
(n−1)
knot would con-
tinue.
The difficulty of Question 1 motivates this paper because there may be no arrow
diagram formula that is invariant under weak (1, 3) homotopy and is not invari-
ant under knot isotopy. In this paper, we introduce a systematic computation
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(Theorem 1 of Section 2.3) and an actual computation with an aid of computers
(Section 4) to obtain functions under weak (1, 3) homotopy.
2. Preliminaries and main results
2.1. Definitions and notations. In [16], Polyak and Viro introduced a method
for representing a knot diagram via what is called an oriented Gauss word. In this
section, we first give a formal treatment of this concept (Definitions 3 and 4). Then
we apply the idea of [16] to introduce integer-valued functions of spherical curves.
Definition 1 (Gauss word). Let nˆ = {1, 2, 3, . . . , n}. A word w of length n is a
map nˆ → N. The word w is represented by w(1)w(2)w(3) · · ·w(n). For a word
w : nˆ→ N, each element of w(nˆ) is called a letter. A word u of length q (q ≤ n) is a
sub-word of w if there exists an integer p (q ≤ p ≤ n) such that u(j) = w(n−p+ j)
(1 ≤ j ≤ q). A Gauss word of length 2n is a word w of length 2n satisfying that
each letter in w(2ˆn) appears exactly twice in w(1)w(2)w(3) · · ·w(2n). Let cyc and
rev be maps 2ˆn→ 2ˆn satisfying that cyc(p) ≡ p+1 (mod 2n) and rev(p) ≡ −p+1
(mod 2n). For two Gauss word v and w of length 2n, v and w are isomorphic if
there exists a bijection f : v(2ˆn) → w(2ˆn) satisfying the following: there exists
t ∈ Z such that w ◦ (cyc)t ◦ (rev)ǫ = f ◦ v (ǫ = 0 or 1). The isomorphisms obtain an
equivalence relation on the Gauss words. For a Gauss word v of length 2n, denoted
by [v] the equivalence class containing v.
Definition 2 (chord diagram). An chord diagram is a configuration of n pair(s) of
points up to ambient isotopy and reflection of a circle. This integer n is called the
length of the chord diagram. Traditionally, two points of each pair are connected
by a simple arc. This arc is called a chord. Let G≤d be the set of chord diagrams
consisting of at most d chords.
        [1212] 
an isomorphism class
 of  Gauss words     a chord diagram
1 2
12
1 2
12( )
Figure 4. Four expressions (Gauss words and chord diagrams).
We note that the equivalence classes of the Gauss words of length 2n have one to
one correspondence with a chord diagrams, each of which has n chords. We identify
these four expressions (Fig. 4) and freely use either one of them in Section 4.1.
Definition 3 (oriented Gauss word). For a given Gauss word v and for each letter
k of v, we distinguish the two k’s in v by calling one k a starting point and the
other an end point. We express the assignments by adding extra informations to
v = v(1)v(2) · · · v(2n), that is, we add “¯ ” on the letters which are assigned end
points. Then the new word v∗ is called an oriented Gauss word. Each letter of
an oriented Gauss word is called an oriented letter. Let v∗, w∗ be oriented Gauss
words of length 2n induced from v, w. Without loss of generality, we may suppose
that the set of the letters in v(2ˆn) is {1, 2, . . . , n} (Clearly, v∗ is a word of length
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2n with letters {1, 2, . . . , n, 1, 2, . . . , n}). We say that v∗ is isomorphic to w∗ if
there exists a bijection f : v(2ˆn) → w(2ˆn) such that there exists t ∈ Z such that
w∗ ◦ (cyc)t = f∗ ◦ v∗ where f∗ : v∗(2ˆn) = {1, 2, . . . , n, 1, 2, . . . , n} → w∗(2ˆn) is the
bijection such that f∗(i) = f(i) and f∗(i) = f(i) (i = 1, 2, . . . , n). The isomorphisms
give an equivalence relation on the oriented Gauss words. For an oriented Gauss
word v∗ of length 2n, [[v∗]] denotes the equivalence class containing v∗. An oriented
Gauss word v∗′ is an oriented sub-Gauss word of the oriented Gauss word v∗ if v∗′
is obtained from v∗ by ignoring some pairs of letters, each of which arises from a
common number. Then Sub(v∗) denotes the set of the oriented sub-Gauss words
of v∗.
Definition 4 (arrow diagram). An arrow diagram is a configuration of n pair(s)
of points up to ambient isotopy on a circle where each pair of points consists of a
starting point and an end point. The integer n is called the length of the arrow
diagram. Traditionally, two points of each pair are connected by a simple arc and
an assignment of starting and end points on the boundary points of the chord is
represented by an arrow on the chord from the starting point to the end point.
This oriented arc is called an arrow.
        [[1212]] 
an isomorphism class
 of oriented Gauss words an arrow diagram
1 2
12
1 2
12( )
Figure 5. Four expressions (oriented Gauss words and arrow diagrams).
Here, we note that, in general, v∗ and v∗ ◦ rev are not isomorphic, and this
implies that an arrow diagram and its reflection image are not ambient isotopic
in general. Thus, in this paper, we express this condition by assigning an arrow
on the circle representing the counter clockwise direction (Fig. 5). We note that
the equivalence classes of the oriented Gauss words of length 2n have one to one
correspondence with the arrow diagrams, each of which has n arrows. In the rest
of this paper, we identify these four expressions, and freely use either one of them
depending on situations.
Notation 1 (Gˇ≤d, nˇd, Gˇb,d). Let Gˇ<∞ be the set of the arrow diagrams, that is,
the set of isomorphism classes of the oriented Gauss words. It is clear that Gˇ<∞
consists of countably many elements. Hence, there exists a bijection between Gˇ<∞
and {x∗i }i∈N, where x
∗
i is a variable. Take and fix a bijection fˇ : Gˇ<∞ → {x
∗
i }i∈N
satisfying: the number of arrows of fˇ−1(x∗i ) is less than or equal to that of fˇ
−1(x∗j )
if and only if i ≤ j (i, j ∈ N). For each positive integer d, let Gˇ≤d be the set of
arrow diagrams each consisting of at most d arrows and let nˇd = |Gˇ≤d|. Then, it is
clear that fˇ |Gˇ≤d is a bijection from Gˇ≤d to {x
∗
1, x
∗
2, . . . , x
∗
nˇd
}. Further, for each pair
of integers b and d (2 ≤ b ≤ d), let Gˇb,d = Gˇ≤d \ Gˇ≤b−1. Then, fˇ |Gˇb,d is a bijection
Gˇb,d → {x∗nˇb−1+1, x
∗
nˇb−1+2
, . . . , x∗nˇd}.
In the rest of this paper, we use the notations in Notation 1 unless otherwise
denoted, and we freely use this identification between Gˇ<∞ and {x
∗
i }i∈N.
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Example 1 (Gˇ2,3). It is elementary to confirm the following, and the details of
the proof are left to the reader.
Gˇ2,3 = { ♥❄✻, ♥✻✻, ♥✻❄, ♥ ✒❅■ , ♥✁☛ ❆❑✲ , ♥✁☛ ❆❑✛ , ♥✁✕ ❆❑✛ , ♥✁✕ ❆❯✛ , ♥✟✙❍❨✲ , ♥✟✯❍❨✲ , ♥✟✙❍❥✲ , ♥✟✯❍❥✲ , ♥✟✙❍❨✛ , ♥✟✯❍❨✛ ,
♥✟✙❍❥✛ , ♥✟✯❍❥✛ , ♥✛✛✲ , ♥✛✲✛ , ♥✛✛ , ♥✲✲✛ , ♥❄✻✲, ♥❄❄✲, ♥✻✻✲, ♥✻❄✲, ♥ ✒❅■✻, ♥ ✒❅■❄}.
Definition 5 (an arrow diagram ADP of a spherical curve P ). Let P
+ be an
oriented spherical curve, i.e. there is a generic immersion g : S1 → S2 such that
g(S1) = P+. Then, P− denotes the oriented spherical curve with the opposite
orientation. We define an arrow diagram of P+ (e.g., Fig. 7) as follows: Let k
be the number of the double points of P+, and m1,m2, . . . ,mk mutually distinct
positive integers. Let KP ǫ be the knot diagram obtained from P
ǫ by replacing
every double point with the positive crossing (with respect to the orientation) as
shown in Fig. 6.
a            a21
Figure 6. Replacement of a double point with a crossing.
P KP+ +PAD +
1
2
3 4
5
6
1
1
2
2
3 3
4 45
5
6
6
Figure 7. An arrow diagram ADP of an oriented spherical curve P
+.
Fix a base point, which is not a double point on KP+ . Starting from the base
point, proceed along P+ according to the orientation ofKP+ . Assignm1 to the first
double point that we encounter. Then, assign m2 to the next double point that we
encounter provided it is not the first double point. Suppose that we have already
assigned m1, m2, . . . ,mp. Then, assign mp+1 to the next double point that we
encounter if it has not been assigned yet. Following the same procedure, we finally
label the double points of P+. Note that g−1(double point assigned mi) consists of
two points on S1 and we shall assign the pair (mi, m¯i) to them by assigning starting
point labeled by mi (end point labeled by m¯i, resp.) to the over path (under path,
resp.). The arrow diagram represented by g−1(double point assigned (m1, m¯1)),
g−1(double point assigned (m2, m¯2)), . . . , g
−1(double point assigned (mk, m¯k)) on
S1 is denoted by ADP and is called an arrow diagram of the spherical curve P
+.
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Remark 1. It is easy to show that the arrow diagram corresponding to P−ǫ is
ambient isotopic to a reflection of ADP ǫ , where (ǫ,−ǫ) = (+,−) or (−,+).
Recall that ADP ǫ gives an equivalence class of oriented Gauss words, say [[vP ǫ ]].
Then, by the definition of the equivalence relation, it is easy to see that the map
P ǫ 7→ [[vP ǫ ]] is well-defined.
Notation 2 (x∗(AD)). Let x∗ ∈ {x∗i }i∈N (, hence, xi represents an arrow diagram).
For a given arrow diagram AD, fix an oriented Gauss word G∗ representing AD.
Let Subx∗(G
∗) = {H∗ | H∗ ∈ Sub(G∗), [[H∗]] = x∗}. The cardinality of this subset
is denoted by x∗(G∗), i.e., x∗(G∗) = | Subx∗(G∗)|. Let G′
∗
be another oriented
Gauss word representing AD. By the definition of the isomorphism of the Gauss
words, it is easy to see x∗(G′
∗
) = x∗(G∗). Hence, we shall denote this number by
x∗(AD). If AD is an arrow diagram of an oriented spherical curve P ǫ, then x∗(AD)
can be denoted by x∗(P ǫ).
Since each equivalence class of the oriented Gauss words is identified with an ar-
row diagram, we can calculate the number x∗(AD) by using geometric observations.
We explain this philosophy in the next example.
Example 2. We consider the arrow diagram AD in Fig. 8 (cf. Fig. 7). Then we
label the arrows of AD by αi (1 ≤ i ≤ 6) as in the center figure of Fig. 8. Consider
the subset of the power set of {α1, α2, . . . , α6}, each element of which represents
a chord diagram isomorphic to ⊗. It is elementary to see that this subset con-
sists of eleven elements, those are, {α1, α2}, {α1, α3}, {α1, α4}, {α1, α5}{α2, α3},
{α2, α4}, {α2, α6}, {α3, α4}, {α3, α5}, {α4, α5}, and {α5, α6}, and that fact shows
that ♥ ✒❅■ ∗(AD) = 11. Similarly, we have values of x∗(AD) for several x∗’s as in
Fig. 8.
( AD ) 
( AD )
( AD )
( AD )
( AD )
( AD )
( AD )
=
=
= 3
= 4
= 411
4
= 1
= 1AD  = 
α
α
α
α
αα
1
2
3
4
5
6
Figure 8. x∗(AD).
Let AD be an arrow diagram consisting of arrows α1, α2, . . . , αk. Then the arrow
diagram consisting of a subset of {α1, α2, . . . , αk} is called a sub-arrow diagram of
AD.
Example 3. Consider the arrow diagram ADP+ in Fig. 9, which is obtained from
P in Fig. 7 with an appropriate orientation. Then we have the values of x∗(P ǫ) for
several x∗’s as in Fig. 9.
Definition 6 (x˜∗(z), x˜∗([[z]])). Let x∗ be an arrow diagram. We define the function
x˜∗ from the set of the oriented Gauss words to {0, 1} by
x˜∗(F ∗) =
{
1 [[F ∗]] = x∗
0 [[F ∗]] 6= x∗.
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( P  )
( P  )
( P  )
( P  )
( P  )
( P  )
( P  )
= = 2
= 4
= 
= 2
= 2
2 = 
10
2AD = P
+
+
+
+
+
+
++
Figure 9. x∗(P+).
By definition, it is easy to see x˜∗(F ∗1 ) = x˜
∗(F ∗2 ) for each pair F
∗
1 , F
∗
2 with [[F
∗
1 ]] =
[[F ∗2 ]]. Hence, we shall denote this number by x˜
∗([[F ∗1 ]]). If [[F
∗]] corresponds
to an arrow diagram of an oriented spherical curve P ǫ, then x˜∗([[F ∗]]) is denoted
by x˜∗(P ǫ). Further, let Z[Gˇ∗≤l] be the free Z-module generated by the elements
of Gˇ∗≤l, where l is sufficiently large. We linearly extend x˜∗ to the function from
Z[Gˇ∗≤l] to Z. It is clear that for any oriented Gauss word G
∗ with [[G∗]] = AD,
(1) x∗(AD) =
∑
z∗∈Sub(G∗)
x˜∗(z∗).
2.2. Relators and deformations. Let Z[Gˇ≤l] be the free Z-module defined in
Subsection 2.1. In this subsection, first we define the elements of Z[Gˇ≤l] called
relators of Type (ˇI), Type (SˇII), Type (WˇII), Type (SˇIII), and Type (WˇIII).
Definition 7 (Relators, cf. Fig. 10). • Type (ˇI). An element r∗ of Z[Gˇ≤l] is
called a Type (ˇI) relator if there exist an oriented Gauss word S and a letter
i not in S such that r∗ = [[Si¯i]] or [[Si¯i]].
• Type (SˇII). An element r∗ of Z[Gˇ≤l] is called a Type (SˇII) relator if there
exist an oriented Gauss word ST and letters i and j not in ST such that
r∗ = [[Sij¯T ji¯]] + [[SiT i¯]] + [[Sj¯T j]] or [[Si¯jT j¯i]] + [[Si¯T i]] + [[SjT j¯]].
• Type (WˇII). An element r∗ of Z[Gˇ≤l] is called a Type (WˇII) relator if there
exist an oriented Gauss word ST and letters i and j not in ST such that
r∗ = [[Si¯jT ij¯]] + [[Si¯T i]] + [[SjT j¯]].
• Type (SˇIII). An element r∗ of Z[Gˇ≤l] is called a Type (SˇIII) relator if there
exist an oriented Gauss word STU and letters i, j and k not in STU such
that
r∗ =
(
[[Si¯jT k¯iU j¯k]] + [[Si¯jT iUj¯]] + [[Si¯T k¯iUk]] + [[SjT k¯U j¯k]]
)
−
(
[[Sji¯T ik¯Ukj¯]] + [[Sji¯T iU j¯]] + [[Si¯T ik¯Uk]] + [[SjT k¯Ukj¯]]
)
or (
[[Skj¯T ik¯Uji¯]] + [[Sj¯T iUji¯]] + [[SkT ik¯U i¯]] + [[Skj¯T k¯Uj]]
)
−
(
[[Sj¯kT k¯iU i¯j]] + [[Sj¯T iU i¯j]] + [[SkT k¯iU i¯]] + [[Sj¯kT k¯Uj]]
)
.
• Type (WˇIII). An element r∗ of Z[Gˇ≤l] is called a Type (WˇIII) relator if there
exist an oriented Gauss word STU and letters i, j, and k not in STU such
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that
r∗ =
(
[[Si¯ j¯T ik¯Ujk]] + [[Si¯ j¯T iUj]] + [[Si¯T ik¯Uk]] + [[Sj¯T k¯Ujk]]
)
−
(
[[Sj¯ i¯T k¯iUkj]] + [[Sj¯ i¯T iUj]] + [[Si¯T k¯iUk]] + [[Sj¯T k¯Ukj]]
)
.
or (
[[SkjT k¯iU j¯i¯]] + [[SjT iUj¯i¯]] + [[SkT k¯iU i¯]] + [[SkjT k¯U j¯]]
)
−
(
[[SjkT ik¯U i¯j¯]] + [[SjT iU i¯j¯]] + [[SkT ik¯U i¯]] + [[SjkT k¯U j¯]]
)
.
+ +
+ +
+ +
+ + +( )-
(-
+
)+ + + + + +
( I )
( SII )
( WII )
( SIII ) 
(WIII)
i
i
i jj
i i i jj
j ii j j j ii
k
i
j i j
k
kj j
k i
j i j k
i
i
k
k
i
j
k
i j kj
k
j
i
ji j k
i k
i
ki
jkij
i
jij
ki
ki
k
jkj j
i
ki
j
k
j
i
i
j
i
ki
k
jkj
k
ij ij +          +
ij
k i
jk j ji
i k
k
ij kj
ki
jji
ik
k
+         +         + +         +         +
+         +         + +         +         +
( )
)(
j
k
k ij
i
i
k i
kj j j ji
i
i
i k
kj j
k
k
i i j j
ij j
i
i k
ki
j kj
k
jji
i
i
ik
k j
j
k
k
,                                        .
,
,
,         .ii
.
.
.
Figure 10. Relators.
We note that in Definition 7, if the oriented Gauss word G∗ is obtained from an
oriented spherical curve P ǫ, then each relator corresponds to a deformation: Type
(ˇI) relator to RI, Type (SˇII) relator to strong RII, Type (WˇII) relator to weak RII,
Type (SˇIII) relator to strong RIII, and Type (WˇIII) relator to weak RIII. For the
precise statement of this note, we introduce the following setting.
We first introduce the following notations. Let P ǫ and P ′
ǫ
be two oriented
spherical curves. If P ǫ is related to P ′
ǫ
by a single RI (strong RII, weak RII,
strong RIII, or weak RIII resp.), then there are oriented Gauss words G∗ and G′∗
such that (by exchanging P and P ′, if necessary), G∗ = Si¯i (Si¯i, Sij¯T ji¯, Si¯jT j¯i,
Si¯jT ij¯, Si¯jT k¯iU j¯k, Skj¯T ik¯Uji¯, Si¯ j¯T ik¯Ujk, or SkjT k¯iU j¯i¯ resp.) and G′
∗
= S
(S, ST , ST , ST , Sji¯T ik¯Ukj¯, Sj¯kT k¯iU i¯j, Sj¯ i¯T k¯iUkj, or SjkT ik¯U i¯j¯ resp.) such
that [[G∗]] = ADP ǫ and [[G
′∗]] = ADP ′ǫ (Fig. 11). The subset of Sub(G
∗) such
that each element has exactly m pairs of letters, each of which arises from i, j, and
k is denoted by Sub(m)(G). By definition,
(2) Sub(G∗) = Sub(0)(G∗) ∐ Sub(1)(G∗) ∐ Sub(2)(G∗)∐ Sub(3)(G∗).
Similarly, for an arrow diagram x∗, Sub
(m)
x∗ (G
∗) denotes the subset of Subx∗(G
∗)
consisting of elements, each of which has exactly m pairs of letters, each of which
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( I )
( SIII ) 
( SII )
(WIII)
( WII )
i
i
i
i j
i j
i
j
k
ijk
j
i
k
j
k
i
i jj
i
j ii j
k
i
k
i
jj
ki
jk j
i
k
i
k
j i
k
j
ij i
j
k
i
i
i jj
i
j ii j
Figure 11. Deformations (the mirror images of the center and
the corresponding words are omitted).
arises from i, j, and k. Then,
(3) Subx∗(G
∗) = Sub
(0)
x∗ (G
∗)∐ Sub
(1)
x∗ (G
∗) ∐ Sub
(2)
x∗ (G
∗) ∐ Sub
(3)
x∗ (G
∗).
Let Cˇ be the set of the ambient isotopy classes of oriented spherical curves. Next,
for each element
∑
i αix
∗
i ∈ Z[Gˇ≤l], we define a function Cˇ → Z, also denoted by∑
i αix
∗
i , and another function denoted by
∑
i αix˜
∗
i .
Definition 8 (
∑
i αix
∗
i ,
∑
i αix˜
∗
i ). Let b and d (2 ≤ b ≤ d) be integers, Gˇ≤d, Gˇb,d,
{x∗i }i∈N. Let Z[Gˇ≤l] be as in Subsection 2.1. Recall that nˇd = |Gˇ≤d| and Gˇb,d =
{x∗i }nˇb−1+1≤i≤nˇd and each x
∗
i represents the arrow diagram fˇ
−1(x∗i ) in Notation 1.
For each element ∑
nˇb−1+1≤i≤nˇd
αix
∗
i ∈ Z[Gˇ≤l],
we define an integer-valued function Cˇ → Z, also denoted by
∑
nˇb−1+1≤i≤nˇd
αix
∗
i ,
by
P ǫ 7→
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ),
where x∗i (P
ǫ) is the integer introduced in Notation 2.
Analogously, for each
∑
nˇb−1+1≤i≤nˇd
αix
∗
i ∈ Z[Gˇ≤l], we define the function∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i : Gˇ≤l → Z
by 
 ∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i

 (z∗) = ∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (z
∗),
where x˜i(z
∗) is the integer introduced in Definition 6.
By using this setting, we can describe the relation between a Type (ˇI) relator
and a single RI as follows. Suppose that an oriented spherical curve P ǫ is related
to another oriented spherical curve P ′
ǫ
by a single RI. Recall that there exist an
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oriented letter i and an oriented Gauss word S such that ADP ǫ = [[Si¯i]] or [[Si¯i]]
and ADP ′ǫ = [[S]]. Since the arguments are essentially the same, we may suppose,
without loss of generality, ADP ǫ = [[Si¯i]]. Then, let G
∗ = Si¯i. Note that in this
case in the decomposition (2), Sub(2)(G∗) = ∅ and Sub(3)(G∗) = ∅. Then, by (1)
in Definition 6 and (2),
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ) =
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z∗∈Sub(G∗)
x˜∗i (z
∗)


=
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z∗0∈Sub
(0)(G∗)
x˜∗i (z
∗
0) +
∑
z∗1∈Sub
(1)(G∗)
x˜∗i (z
∗
1)

 .
Note that each element z∗0 ∈ Sub
(0)(G∗) is an oriented sub-Gauss word of S. Then
it is clear that Sub(1)(G∗) = {z∗0 i¯i | z
∗
0 ∈ Sub
(0)(G∗)}. Hence,∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ)
=
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z∗0∈Sub
(0)(G∗)
x˜∗i (z
∗
0) +
∑
z∗0∈Sub
(0)(G∗)
x˜∗i (z
∗
0 i¯i)


=
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z∗0∈Sub
(0)(G∗)
x˜∗i ([[z
∗
0 ]]) +
∑
z∗0∈Sub
(0)(G∗)
x˜∗i ([[z
∗
0 i¯i]])

 .
On the other hand, since Sub(G′
∗
) is identified with Sub(0)(G∗),
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
′ǫ) =
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z′∗∈Sub(G′∗)
x˜∗i (z
′∗)

 (∵ (1))
=
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z∗0∈Sub
(0)(G∗)
x˜∗i (z
∗
0)


=
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z∗0∈Sub
(0)(G∗)
x˜∗i
(
[[z∗0 ]]
) .
As a conclusion, the difference of the values is calculated as follows.∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ)−
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
′ǫ)
=
∑
nˇb−1+1≤i≤nˇd
∑
z∗0∈Sub
(0)(G∗)
αix˜
∗
i ([[z
∗
0 i¯i]]) .
We note that this is a linear combination of the values of Type (ˇI) relators via x˜∗i .
For the case Type (SˇII), (WˇII), (SˇIII), or (WˇIII) relators, the arguments are slightly
more complicated than that of Type (ˇI) relator. We will explain them in the proof
of Theorem 1 and thus, we omit them here.
Definition 9 (Rˇǫ1ǫ2ǫ3ǫ4ǫ5). For each (ǫ1, ǫ2, ǫ3, ǫ4, ǫ5) ∈ {0, 1}
5, let Rˇǫ1ǫ2ǫ3ǫ4ǫ5 =
∪ǫi=1Rˇi (⊂ ∪l≥1Z[Gˇ≤l]), where Rˇ1 is the set of the Type (ˇI) relators (corresponding
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to RI), Rˇ2 is the set of the Type (SˇII) relators (corresponding to strong RII), Rˇ3 is
the set of the Type (WˇII) relators (corresponding to weak RII), Rˇ4 is the set of the
Type (SˇIII) relators (corresponding to strong RIII), and Rˇ5 is the set of the Type
(WˇIII) relators (corresponding to weak RIII).
For integers b and d (2 ≤ b ≤ d), let Oˇb,d be the projection Z[Gˇ≤l] → Z[Gˇb,d].
Here, note that Oˇb,d is a linear map. By the definition, we immediately have:
Lemma 1. If nˇb−1 + 1 ≤ i ≤ nˇd, then for any r∗ ∈ Z[Gˇ≤l],
x˜∗i (r
∗) = x˜∗i (Oˇb,d(r
∗)).
Notation 3. Let Rˇǫ1ǫ2ǫ3ǫ4ǫ5(b, d) = Oˇb,d(Rˇǫ1ǫ2ǫ3ǫ4ǫ5).
By using Lemma 1, we have the next proposition.
Proposition 1. For each pair of integers b and d (2 ≤ b ≤ d), let
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i
be a function as in Definition 8. For (ǫ1, ǫ2, ǫ3, ǫ4, ǫ5) ∈ {0, 1}5, let Rˇǫ1ǫ2ǫ3ǫ4ǫ5 be
the set as in Definition 9. The following two statements are equivalent:
(1)
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (r
∗) = 0 (∀r∗ ∈ Rˇǫ1ǫ2ǫ3ǫ4ǫ5).
(2)
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (r
∗) = 0 (∀r∗ ∈ Rˇǫ1ǫ2ǫ3ǫ4ǫ5(b, d)).
Proof. • (1)⇒ (2). This is obvious.
• (1)⇐ (2). Let r∗ ∈ Rˇǫ1ǫ2ǫ3ǫ4ǫ5 . By Lemma 1,∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (r
∗) =
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (Oˇb,d(r
∗)).
By the condition (2),∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (Oˇb,d(r
∗)) = 0.
Then, ∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (r
∗) = 0.

Recall that rev is the map 2ˆn → 2ˆn such that rev(p) ≡ −p+ 1 (mod 2n). Also
recall that we have fixed one to one correspondence between the set of isomorphism
classes of the oriented Gauss words and {x∗i }i∈N.
Definition 10. We say that the pair (x∗i , x
∗
j ) is a mirroring pair if there exist
oriented Gauss words v∗, w∗ such that [[v∗]] = x∗i , [[w
∗]] = x∗j , and v
∗ = w∗ ◦ rev.
We say that the mirroring pair (x∗i , x
∗
j ) is reflective if x
∗
i (P
ǫ) = x∗j (P
ǫ) for any
oriented spherical curve P ǫ.
Example 4. One may think that (x∗i , x
∗
j ) is reflective if and only if x
∗
i and x
∗
j
would be equivalent. However, it is false. For example, a counterexample is given
by Fact 1, which is a special case of [16, Page 451]. It is easier to show that ♥✻✻✲(P )
= ♥❄❄✲(P ) for every spherical curve P by the argument similar to [7, Lemma 1].
Fact 1 (Polyak-Viro). For every spherical curve P , ♥✻❄✲(P ) = ♥❄✻✲(P ).
Remark 2. By Remark 1, we see that for any mirroring pair (x∗i , x
∗
j ) and oriented
spherical curve P ǫ, we have x∗i (P
ǫ) = x∗j (P
−ǫ).
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2.3. Main result and corollaries.
Theorem 1. Let b and d (2 ≤ b ≤ d) be integers and Gˇ≤d, {x∗i }i∈N, Z[Gˇ≤l], nˇd =
|Gˇ≤d|, and Gˇb,d = {x∗i }nˇb−1+1≤i≤nˇd be as in Subsection 2.1. Let
∑
nˇb−1+1≤i≤nˇd
αix
∗
i
and
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i be functions as in Definition 8. For (ǫ1, ǫ2, ǫ3, ǫ4, ǫ5) ∈
{0, 1}5, let Rˇǫ1ǫ2ǫ3ǫ4ǫ5(b, d) be as in Subsection 2.2. Suppose the following conditions
are satisfied:
• If ǫ1 = 1,
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ10000(b, d).
• If ǫ2 = 1,
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ01000(b, d).
• If ǫ3 = 1,
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ00100(b, d).
• If ǫ4 = 1,
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ00010(b, d).
• If ǫ5 = 1,
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ00001(b, d).
Then,
∑
nˇb−1+1≤i≤nˇd
αix
∗
i is an integer-valued invariant of oriented spherical curves
under the deformations corresponding to ǫj = 1.
If, in addition to the above, for each mirroring pair (x∗i , x
∗
j ), one of the fol-
lowing two conditions is satisfied: (1) αi = αj or (2) (x
∗
i , x
∗
j ) is reflective, then∑
nˇb−1+1≤i≤nˇd
αix
∗
i is an integer-valued invariant of spherical curves under the de-
formations corresponding to ǫj = 1.
Definition 11 (irreducible arrow diagram). Let x∗ be an arrow diagram. An arrow
α in x∗ is said to be an isolated arrow if α does not intersect any other arrow. An
arrow diagram x∗ is said to be irreducible if x∗ has no isolated arrow. The set of
the irreducible arrow diagrams is denoted by ˇIrr. Let Iˇ
(Irr)
b,d = {i | nˇb−1 + 1 ≤ i ≤
nˇd, x
∗
i ∈ ˇIrr}.
Example 5. Under the notation of Example 1, we note that the set of irreducible
elements of Gˇ2,3 consists of seven elements, those are, ♥ ✒❅■ , ♥❄✻✲, ♥❄❄✲, ♥✻✻✲, ♥✻❄✲,
♥ ✒❅■✻, and ♥ ✒❅■❄.
Let OˇIrr be the projection Z[Gˇ≤l] → Z[Gˇ≤l ∩ ˇIrr].
Lemma 2. Let x∗ ∈ ˇIrr and let r∗ ∈ Rˇǫ1ǫ2ǫ3ǫ4ǫ5(b, d).
x˜∗(r∗) = x˜∗(OˇIrr(r
∗)).
If we consider the function of the form
∑
i∈Iˇ
(Irr)
b,d
αix
∗
i for
∑
nˇb−1+1≤i≤nˇd
αix
∗
i in
Theorem 1, we obtain:
Corollary 1. Let b and d (2 ≤ b ≤ d) be integers and Gˇ≤d, {x∗i }i∈N, Z[Gˇ≤l], nˇd
= |Gˇ≤d|, and Gˇb,d = {x∗i }nˇb−1+1≤i≤nˇd be as in Subsection 2.1. Let
∑
i∈Iˇ
(Irr)
b,d
αix
∗
i
and
∑
i∈Iˇ
(Irr)
b,d
αix˜
∗
i be functions as in Definition 8. For (ǫ1, ǫ2, ǫ3, ǫ4, ǫ5) ∈ {0, 1}
5,
let Rˇǫ1ǫ2ǫ3ǫ4ǫ5(b, d) be as in Subsection 2.2. Suppose the following conditions are
satisfied:
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• If ǫ2 = 1,
∑
i∈Iˇ
(Irr)
b,d
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ01000(b, d).
• If ǫ3 = 1,
∑
i∈Iˇ
(Irr)
b,d
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ00100(b, d).
• If ǫ4 = 1,
∑
i∈Iˇ
(Irr)
b,d
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ00010(b, d).
• If ǫ5 = 1,
∑
i∈Iˇ
(Irr)
b,d
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ00001(b, d).
Then,
∑
i∈Iˇ
(Irr)
b,d
αix
∗
i is an integer-valued invariant of oriented spherical curves un-
der RI and the deformations corresponding to ǫj = 1.
If, in addition to the above, for each mirroring pair (x∗i , x
∗
j ), one of the fol-
lowing two conditions is satisfied: (1) αi = αj or (2) (x
∗
i , x
∗
j ) is reflective, then∑
i∈Iˇ
(Irr)
b,d
αix
∗
i is an integer-valued invariant of spherical curves under RI and the
deformations corresponding to ǫj = 1.
Proof of Corollary 1 from Theorem 1. By Theorem 1, it is enough to show
(4)
∑
i∈Iˇ
(Irr)
b,d
αix˜
∗
i (r
∗) = 0 (∀r∗ ∈ Rˇ10000(b, d))
for a proof of Corollary 1. We first note that if x∗i ∈ ˇIrr, then x
∗
i has no isolated
chords. On the other hand, let r∗ ∈ Rˇ10000(b, d), that is, there exist an oriented
Gauss word S and a letter j such that r∗ = [[Sjj¯]] or [[Sj¯j]]. Then, the chord
corresponding to j is isolated. These show that x˜∗i (r
∗) = 0. This shows that (4)
holds. This fact together with Theorem 1 immediately gives Corollary 1. 
Definition 12 (connected arrow diagram). Let v∗ be an oriented Gauss word of
length 2m and w∗ an oriented Gauss word of length 2n where v∗( ˆ2m) ∩ w∗(2ˆn) =
∅. Then we define the oriented Gauss word of length 2(m+ n), denoted by v∗w∗,
by v∗w∗(i) = v∗(i) (1 ≤ i ≤ 2m) and v∗w∗(2m + i) = w∗(i) (1 ≤ i ≤ 2n). The
arrow diagram [[v∗w∗]] is called a product of arrow diagrams [[v∗]] and [[w∗]]. If
an arrow diagram is not a product of two non-empty arrow diagrams, then the
arrow diagram is called a connected arrow diagram. The set of the connected arrow
diagrams is denoted by ˇConn. Let Iˇ
(Conn)
b,d = {i | nˇb−1 + 1 ≤ i ≤ nˇd, x
∗
i ∈
ˇConn}.
It is easy to see that if a connected arrow diagram has at least two oriented
chords, then it is irreducible. Note that the arrow diagram consisting of exactly
one chord is connected but not irreducible.
Recall that Cˇ is the set of the ambient isotopy classes of the oriented spherical
curves.
Definition 13 (connected sum). Let P ǫ11 and P
ǫ2
2 ∈ Cˇ. We suppose that P
ǫ1
1 and
P ǫ22 are obtained from P1 and P2, respectively ((ǫ1, ǫ2) ∈ {+,−}
2) and suppose that
the ambient 2-spheres are oriented. Let pi be a point on P
ǫi
i such that pi is not a
double point (i = 1, 2). Let di be a sufficiently small disk with center pi (i = 1, 2)
such that di ∩ P
ǫi
i consists of an arc properly embedded in di. Let dˆi = cl(S
2 \ di)
and Pˆ ǫii = P
ǫi
i ∩ dˆi; let h : ∂dˆ1 → ∂dˆ2 be an orientation reversing homeomorphism
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such that h(∂Pˆ1) = ∂Pˆ2 such that h( the starting point of Pˆ
ǫ1
1 ) = the end point of
Pˆ ǫ22 and h( the end point of Pˆ
ǫ1
1 ) = the starting point of Pˆ
ǫ1
1 . Then, Pˆ
ǫ1
1 ∪h Pˆ
ǫ2
2 gives
an oriented spherical curve with the orientation induced from P ǫ1 and P ǫ2 in the
oriented 2-sphere dˆ1∪h dˆ2. The spherical curve Pˆ
ǫ1
1 ∪h Pˆ
ǫ2
2 in the oriented 2-sphere,
denoted by P ǫ11 ♯(p1,p2)P
ǫ2
2 , is called a connected sum of the spherical curves P
ǫ1
1 and
P ǫ22 at the pair of points p1 and p2.
Definition 14 (additivity). Let I be a function on Cˇ. We say that I is additive if
I(P ǫ11 ♯(p1,p2)P
ǫ2
2 ) = I(P
ǫ1
1 ) + I(P
ǫ2
2 ) for any P
ǫ1
1 ♯(p1,p2)P
ǫ2
2 in Definition 13.
If we consider the function of the form
∑
i∈Iˇ
(Conn)
b,d
αix
∗
i for
∑
nˇb−1+1≤i≤nˇd
αix
∗
i
in Theorem 1, we obtain:
Corollary 2. Let b and d (2 ≤ b ≤ d) be integers and Gˇ≤d, {x∗i }i∈N, Z[Gˇ≤l], nˇd
= |Gˇ≤d|, and Gˇb,d = {x∗i }nˇb−1+1≤i≤nˇd be as in Subsection 2.1. Let
∑
i∈Iˇ
(Conn)
b,d
αix
∗
i
and
∑
i∈Iˇ
(Conn)
b,d
αix˜
∗
i be functions as in Definition 8. For (ǫ1, ǫ2, ǫ3, ǫ4, ǫ5) ∈ {0, 1}
5,
let Rǫ1ǫ2ǫ3ǫ4ǫ5(b, d) be as in Subsection 2.2. Suppose the following conditions are
satisfied:
• If ǫ2 = 1,
∑
i∈Iˇ
(Conn)
b,d
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ01000(b, d).
• If ǫ3 = 1,
∑
i∈Iˇ
(Conn)
b,d
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ00100(b, d).
• If ǫ4 = 1,
∑
i∈Iˇ
(Conn)
b,d
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ00010(b, d).
• If ǫ5 = 1,
∑
i∈Iˇ
(Conn)
b,d
αix˜
∗
i (r
∗) = 0 for each r∗ ∈ Rˇ00001(b, d).
Then,
∑
i∈Iˇ
(Conn)
b,d
αix
∗
i is an integer-valued additive invariant of oriented spherical
curves under RI and the deformations corresponding to ǫj = 1.
If, in addition to the above, for each mirroring pair (x∗i , x
∗
j ), one of the fol-
lowing two conditions is satisfied: (1) αi = αj or (2) (x
∗
i , x
∗
j ) is reflective, then∑
i∈Iˇ
(Conn)
b,d
αix
∗
i is an integer-valued invariant of spherical curves under RI and the
deformations corresponding to ǫj = 1.
Proof of Corollary 2 from Theorem 1. Since b ≥ 2 and i ≥ nˇb−1 + 1, each x∗i
consists of more than one chords, i.e., x∗i ∈ ˇIrr (see the note preceding Definition 13).
By Theorem 1, it is enough to show
(5)
∑
i∈Iˇ
(Conn)
b,d
αix˜
∗
i (r
∗) = 0 (∀r∗ ∈ Rˇ10000(b, d))
for a proof of Corollary 2. We first note that if x∗i ∈ ˇIrr, then x
∗
i has no isolated
chords. On the other hand, let r∗ ∈ Rˇ10000(b, d), that is, there exist an oriented
Gauss word S and a letter j such that r∗ = [[Sjj¯]] or [[Sj¯j]]. Then, the chord
corresponding to j is isolated. These show that x˜∗i (r
∗) = 0. This shows that (5)
holds.
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Further, by using geometric observations as in Example 2, it is clear to show
that if x∗i ∈ ˇConn, then
(6) x∗i (P
ǫ1
1 ♯(p1, p2)P
ǫ2
2 ) = x
∗
i (P
ǫ1
1 ) + x
∗
i (P
ǫ2
2 )
for any P ǫ11 ♯(p1, p2)P
ǫ2
2 . This fact implies
∑
i∈Iˇ
(Conn)
b,d
αix˜
∗
i is additive. These facts
together with Theorem 1 immediately give Corollary 2. 
3. Proof of Theorem 1.
• (Proof of Theorem 1 for the case ǫ1 = 1.) Let P and P ′ be two oriented
spherical curves where P ǫ is related to P ′ǫ by a single RI, hence, there exist an
oriented letter i and an oriented Gauss word S such that ADP ǫ = [[Si¯i]] or [[Si¯i]]
and ADP ′ǫ = [[S]]. Since the arguments are essentially the same, we may suppose,
without loss of generality, ADP ǫ = [[Si¯i]]. As we observed just before Definition 9,
we have
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ)−
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
′ǫ)
=
∑
nˇb−1+1≤i≤nˇd
∑
z0∈Sub(0)(G∗)
αix˜
∗
i ([[z0i¯i]]) .
By the assumption of this case, for each z0 ∈ Sub
(0)(G∗),
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i ([[z0i¯i]]) = 0
and this shows that
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ) =
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
′ǫ).
• (Proof of the case ǫ2 = 1.) Let P ǫ and P ′
ǫ
be two oriented spherical curves
where P ǫ is related to P ′
ǫ
by a single strong RII, hence, there exist two oriented
Gauss words G = Sij¯T ji¯ (or Si¯jT j¯i) and G′ = STU corresponding to P ǫ and P ′
ǫ
,
respectively, i.e., ADP ǫ = [[Sij¯T ji¯]] (or ADP ǫ = [[Si¯jT j¯i]]) and ADP ′ǫ = [[ST ]].
First, suppose ADP ǫ = [[Sij¯T ji¯]].
By (1) in Subsection 2.1 and (2) in Subsection 2.2, we obtain (note that Sub(3)(G∗)
= ∅):
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∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ) =
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z∗∈Sub(G∗)
x˜∗i (z
∗)


=
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z∗0∈Sub
(0)(G∗)
x˜∗i (z
∗
0)


+
∑
nˇb−1+1≤i≤nˇd
∑
z∗12∈Sub
(1)(G∗)∪Sub(2)(G∗)
αix˜
∗
i (z
∗
12)
=
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z′∗∈Sub(G′∗)
x˜∗i (z
′∗)


+
∑
nˇb−1+1≤i≤nˇd
∑
z∗12∈Sub
(1)(G∗)∪Sub(2)(G∗)
αix˜
∗
i (z
∗
12)
(∵ Sub(0)(G∗) is identified with Sub(G′
∗
)).
Let z∗0 ∈ Sub
(0)(G∗). We note that since G is an oriented Gauss word z0 uniquely
admits a decomposition into two sub-words, which are sub-words on S and T . Let
σ(z∗0) be the sub-word of S and τ(z
∗
0) the sub-word of T satisfying z
∗
0 = σ(z
∗
0)τ(z
∗
0 )
(for the definition of sub-words, see Definition 2.1). Under these notations, we
define maps
z∗2 : Sub
(0)(G∗)→ Sub(2)(G∗); z∗2(z
∗
0) = σ(z
∗
0)ij¯τ(z
∗
0)ji¯,
z∗1 : Sub
(0)(G∗)→ Sub(1)(G∗); z∗1(z
∗
0) = σ(z
∗
0)iτ(z
∗
0 )¯i , and
z′
∗
1 : Sub
(0)(G∗)→ Sub(1)(G∗); z′
∗
1(z
∗
0) = σ(z
∗
0)j¯τ(z
∗
0 )j.
Then, it is easy to see that Sub(1)(G∗) ∪ Sub(2)(G∗) admits a decomposition
Sub(1)(G∗) ∪ Sub(2)(G∗)
= {z∗1(z
∗
0) | ∀z
∗
0 ∈ Sub
(0)(G∗)} ∐ {z′
∗
1(z
∗
0) | ∀z
∗
0 ∈ Sub
(0)(G∗)} ∐ {z∗2(z
∗
0) | ∀z
∗
0 ∈ Sub
(0)(G∗)}.
These notations together with the above give:∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ) =
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
′ǫ)
+
∑
nˇb−1+1≤i≤nˇd
∑
z∗0∈Sub
(0)(G∗)
αix˜
∗
i (z
∗
2(z
∗
0) + z
∗
1(z
∗
0) + z
′∗
1(z
∗
0))
=
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
′ǫ)
+
∑
nˇb−1+1≤i≤nˇd
∑
z∗0∈Sub
(0)(G∗)
αix˜
∗
i ([z
∗
2(z
∗
0)] + [z
∗
1(z
∗
0)] + [z
′∗
1(z
∗
0)]).
Here, we note that by the condition for the case ǫ2 = 1, for any for any z
∗
0 ∈
Sub(0)(G∗), ∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i ([z
∗
2(z
∗
0)] + [z
∗
1(z
∗
0)] + [z
′∗
1(z
∗
0)]) = 0.
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Here, one may think that
x˜∗i ([z
∗
1(z
∗
0)] + [z
′∗
1(z
∗
0)] + [z
∗
2(z
∗
0)]) = 0
for each z∗0 by the condition for the case ǫ2 = 1. However, the condition says that
the equation holds for each r∗ ∈ Rˇ01000(b, d), and we note that [z
∗
1(z
∗
0)] + [z
′∗
1(z
∗
0)]
+ [z∗2(z
∗
0)] may not be an element of Rˇ01000(b, d) (possibly fˇ
−1([z∗2(z
∗
0)]) > nˇd or
fˇ−1([z∗1(z
∗
0)]) ≤ nˇb−1), and Oˇb,d([z
∗
1(z
∗
0)] + [z
′∗
1(z
∗
0)] + [z
∗
2(z
∗
0)]) 6= 0. However, even
when this is the case we see that
x˜∗i ([z
∗
1(z
∗
0)] + [z
′∗
1(z
∗
0)] + [z
∗
2(z
∗
0)]) = 0
by Proposition 1.
Thus, ∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ) =
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
′ǫ).
The proof for the case when ADP ǫ = [[Si¯jT j¯iU ]] can be carried out as above,
and omit it.
• (Proof of the case ǫ3 = 1.) Since the arguments are essentially the same as
that of the case ǫ2 = 1, we omit this proof.
• (Proof of the case ǫ4 = 1.) Let P
ǫ and P ′
ǫ
be two spherical curves where P ǫ is
related to P ′
ǫ
by a single strong RIII, hence, there exist two oriented Gauss words
G = Si¯jT k¯iU j¯k and G′ = Sji¯T ik¯Ukj¯ corresponding to P ǫ and P ′
ǫ
, respectively,
i.e., ADP ǫ = [[Si¯jT k¯iU j¯k]] and ADP ′ǫ = [[Sji¯T ik¯Ukj¯]].
By (1) in Subsection 2.1 and (2) in Subsection 2.2, we obtain:
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ) =
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z∗∈Sub(G∗)
x˜∗i (z
∗)


=
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z∗01∈Sub
(0)(G∗)∪Sub(1)(G∗)
x˜∗i (z
∗
01) +
∑
z∗23∈Sub
(2)(G∗)∪Sub(3)(G∗)
x˜∗i (z
∗
23)

 .
and
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
′ǫ) =
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z′∗∈Sub(G′∗)
x˜∗i (z
′∗)


=
∑
nˇb−1+1≤i≤nˇd
αi

 ∑
z′∗01∈Sub
(0)(G∗)∪Sub(1)(G∗)
x˜∗i (z
′∗
01) +
∑
z∗23∈Sub
(2)(G∗)∪Sub(3)(G∗)
x˜∗i (z
′∗
23)

 .
Since Sub(0)(G∗) (Sub(1)(G∗) resp.) is naturally identified with Sub(0)(G′
∗
)
(Sub(1)(G′
∗
) resp.), the above equations show:∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ)−
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
′ǫ)
=
∑
nˇb−1+1≤i≤nˇd
∑
z∗23∈Sub
(2)(G∗)∪Sub(3)(G∗)
αix˜
∗
i (z
∗)
−
∑
nˇb−1+1≤i≤nˇd
∑
z′∗23∈Sub
(2)(G′∗)∪Sub(3)(G′∗)
αix˜
∗
i (z
′∗).
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Let z∗0 ∈ Sub
(0)(G∗), which is identified with Sub(0)(G′
∗
). We note that since
G∗ is an oriented Gauss word z∗0 uniquely admits a decomposition into three sub-
words, which are sub-words on S, T , and U . Let σ(z∗0) be the sub-word of S, τ(z
∗
0)
the sub-word of T , and µ(z∗0) the sub-word of U satisfying z
∗
0 = σ(z
∗
0)τ(z
∗
0 )µ(z
∗
0).
We define maps
z∗3 : Sub
(0)(G∗)→ Sub(3)(G∗); z∗3(z
∗
0) = σ(z
∗
0 )¯ijτ(z
∗
0 )k¯iµ(z
∗
0)j¯k,
z∗2a : Sub
(0)(G∗)→ Sub(2)(G∗); z∗2a(z
∗
0) = σ(z
∗
0 )¯ijτ(z
∗
0)iµ(z
∗
0)j¯,
z∗2b : Sub
(0)(G∗)→ Sub(2)(G∗); z∗2b(z
∗
0) = σ(z
∗
0 )¯iτ(z
∗
0)k¯iµ(z
∗
0)k, and
z∗2c : Sub
(0)(G∗)→ Sub(2)(G∗); z∗2c(z
∗
0) = σ(z
∗
0)jτ(z
∗
0 )k¯µ(z
∗
0)j¯k.
Similarly, let
z′
∗
3 : Sub
(0)(G′
∗
)→ Sub(3)(G′
∗
); z′
∗
3(z
∗
0) = σ(z
∗
0)ji¯τ(z
∗
0)ik¯µ(z
∗
0)kj¯,
z′
∗
2a : Sub
(0)(G′
∗
)→ Sub(2)(G′
∗
); z′
∗
2a(z
∗
0) = σ(z
∗
0)ji¯τ(z
∗
0)iµ(z
∗
0)j¯,
z′
∗
2b : Sub
(0)(G′
∗
)→ Sub(2)(G′
∗
); z′
∗
2b(z
∗
0) = σ(z
∗
0 )¯iτ(z
∗
0)ik¯µ(z
∗
0)k, and
z′
∗
2c : Sub
(0)(G′
∗
)→ Sub(2)(G′
∗
); z′
∗
2c(z
∗
0) = σ(z
∗
0)jτ(z
∗
0)k¯µ(z
∗
0)kj¯.
Then, it is easy to see that Sub(2)(G∗) ∪ Sub(3)(G∗) admits decompositions
Sub(2)(G∗) ∪ Sub(3)(G∗)
= {z∗3(z
∗
0) | z
∗
0 ∈ Sub
(0)(G∗)} ∐ {z∗2a(z
∗
0) | z
∗
0 ∈ Sub
(0)(G∗)}
∐ {z∗2b(z
∗
0) | z
∗
0 ∈ Sub
(0)(G∗)} ∐ {z∗2c(z
∗
0) | z
∗
0 ∈ Sub
(0)(G∗)}
and
Sub(2)(G′
∗
) ∪ Sub(3)(G′
∗
)
= {z′
∗
3(z
∗
0) | z
∗
0 ∈ Sub
(0)(G∗)} ∐ {z′
∗
2a(z
∗
0) | z
∗
0 ∈ Sub
(0)(G∗)}
∐ {z′
∗
2b(z
∗
0) | z
∗
0 ∈ Sub
(0)(G∗)} ∐ {z′
∗
2c(z
∗
0) | z
∗
0 ∈ Sub
(0)(G∗)}.
By using these notations, we obtain:∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ)−
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
′ǫ)
=
∑
z∗0∈Sub
(0)(G∗)
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i
(
(z∗3(z
∗
0) + z
∗
2a(z
∗
0) + z
∗
2b(z
∗
0) + z
∗
2c(z
∗
0))
− (z′
∗
3(z
∗
0) + z
′∗
2a(z
∗
0) + z
′∗
2b(z
∗
0) + z
′∗
2c(z
∗
0))
)
=
∑
z∗0∈Sub
(0)(G∗)
∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i
(
([z∗3(z
∗
0)] + [z
∗
2a(z
∗
0)] + [z
∗
2b(z
∗
0)] + [z
∗
2c(z
∗
0)])
− ([z′
∗
3(z
∗
0)] + [z
′∗
2a(z
∗
0)] + [z
′∗
2b(z
∗
0)] + [z
′∗
2c(z
∗
0)])
)
.
Here, we note that
([z∗3(z
∗
0)] + [z
∗
2a(z
∗
0)] + [z
∗
2b(z
∗
0)] + [z
∗
2c(z
∗
0)]) − ([z
′∗
3(z
∗
0)] + [z
′∗
2a(z
∗
0)] + [z
′∗
2b(z
∗
0)]
+ [z′
∗
2c(z
∗
0)]) ∈ Rˇ00010.
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Hence, by the assumption of Case ǫ4 = 1 and by Proposition 1 (cf. Proof of the
case ǫ2 = 1), for each z
∗
0 ,∑
nˇb−1+1≤i≤nˇd
αix˜
∗
i
(
([z∗3(z
∗
0)] + [z
∗
2a(z
∗
0)] + [z
∗
2b(z
∗
0)] + [z
∗
2c(z
∗
0)])
− ([z′
∗
3(z
∗
0)] + [z
′∗
2a(z
∗
0)] + [z
′∗
2b(z
∗
0)] + [z
′∗
2c(z
∗
0)])
)
= 0.
These show that ∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
ǫ) =
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
′ǫ).
The proof for the case when ADP ǫ = [[Skj¯T ik¯Uji¯]] can be carried out as above,
and omit it.
• (Proof of the case ǫ5 = 1.) Since the arguments are essentially the same as
that of the case ǫ4 = 1, we omit this proof.
Note that either condition (1) or (2) is satisfied, for each mirroring pair (x∗i , x
∗
j ),
we have:
αix
∗
i (P
+) + αjx
∗
j (P
+) = αix
∗
j (P
−) + αjx
∗
i (P
−),
(∵ x∗i (P
ǫ) = x∗j (P
−ǫ) by Remark 1)
= αjx
∗
j (P
−) + αix
∗
i (P
−) (by Condition (1) of Theorem 1)
or
x∗i (P
+) = x∗j (P
−) = x∗i (P
−) (by Condition (2) of Theorem 1).
Then
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
+) =
∑
nˇb−1+1≤i≤nˇd
αix
∗
i (P
−) for each spherical curve
P ǫ. 
4. A method of a computation by a computer program
In order to obtain the following program, we use C + +11 and Mathematica,
and to compute a rank of a vector space (i.e., a kernel space) of functions, each of
which is invariant under RI and strong or weak RIII.
4.1. Nomal Gauss words. In this section, we introduce normal Gauss words for
(unoriented) Gauss words. Since it is worth seeing the unoriented case before we
see the oriented case in Section 4.2, we first discuss it to obtain the set of Gauss
words.
Definition 15 (normal Gauss word). For every Gauss word G, each letter appears
twice in G. Then, the letter firstly (secondary, resp.) appearing is called the former
(latter, resp.) letter. Let G be a Gauss word of length 2n. Suppose that we read
letters in G from the left to the right, and the former letters are labelled in the
order 1, 2, 3, . . . , n. Then, the Gauss word G is called a normal Gauss word. The
set of normal Gauss words of length 2d is denoted by Nd.
Example 6. The Gauss word 121233 (1234255143, resp.) is a normal Gauss word.
The Gauss word 131322 (2342551431, resp.) is not a normal Gauss word. The
Gauss word obtained by Definition 5 is a normal Gauss word.
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By using normal Gauss words, Nd is obtained from Nd−1. First, for an element
of Nd−1, we replace each letter i with i+1, and the resulting Gauss word is denoted
by w. Second, we consider 2d blanks arranged in a line, and we put the former of
the letter “1” in the leftmost blank and consider every possibility of the position
of the latter of the letter “1”. Then, we ignore the former and the latter of the
letter “1” and put w into 2(d − 1) ordered blanks. The process obtains a normal
Gauss word in Nd. By the induction, for every d, we have Nd, which implies G≤d
by giving [w] (for the definition of an equivalence class [w], Definition 1).
1 1 1 1 1 1
2 2 +1
←−
1 1
1 1 2 2 1 12 2 1 12 2
Figure 12. N2 is obtained by N1.
Next, we enumerate elements in Rˇ00001. Let us start with a toy model of a linear
sum of unoriented Gauss words. Let S, T , and U be sub-words where STU is a
Gauss word. Then, let
r = ([Si jT ikUjk] + [Si jT iUj] + [SiT ikUk] + [SjTkUjk])
− ([Sj iTkiUkj] + [Sj iT iUj] + [SiTkiUk] + [SjTkUkj]) .
It is clear that r is obtained from a normal Gauss word of type 12Si1T i2U , as
shown in Fig. 13, which is given by adding letters to 123132. As a first example we
1
231
3 2
Figure 13. The chord diagram corresponding to 12Si1T i2U (i = 3).
add a single letter (corresponding to a chord as in Fig. 14) to 123132. Then, we
have chord diagrams as in Fig. 15. Such a word is regarded as a word consisting
Figure 14. The chord diagram corresponding to 123132
of three dots and a Gauss words of length 2 as follows.
•••44 ••4•4 ••44• •4••4 •4•4• •44••
In general, we obtain a normal Gauss word of type 12Si1T i2U by the following
steps:
• (Step 1) The list of normal Gauss words of length 2(n− 3) is given.
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Figure 15. Each chord added to [123132]
• (Step 2) For a normal Gauss word w of length 2(n − 3), we send m each
letter to m+ 1.
• (Step 3) List the all possibilities of immersions of three dots into w.
• (Step 4) Replace a leftmost (center, rightmost, resp.) dot with two succes-
sive letters “12” (“31”, “32”, resp.).
• (Step 5) Fix the normal Gauss word that is isomorphic to the resulting
Gauss word.
For every positive integer n (n ≥ 4), the process obtains the set {v | v is a normal
Gauss word of type 12Si1T i2U of length 2n }.
4.2. Normal oriented Gauss words. Next, we see a computation using oriented
Gauss words. In our program, denote an oriented Gauss word w∗ by letter_list
that is a sequence of letters corresponds to w∗. In order to obtain a description of
an orientation of letters, let letter_list[i] is 0 (1, resp.) if w∗(i) is a starting
point (an end point, resp.).
Example 7. Let w be 1¯23¯132¯. Then, it is clear that letter_list= {1, 2, 3, 1, 3, 2},
and orientation_list = {1, 0, 1, 0, 0, 1}.
Definition 16. An oriented Gauss word w∗ is called a normal oriented Gauss word
if w∗ is a normal Gauss word.
The orientations of letters are enumerated by a lexicographic order in the follow-
ing: for a Gauss word of length 2, all possibilities are→ and← that are represented
by {0, 1} and {1, 0}, respectively in our program.
For a Gauss word of length 4, all possibilities are
{{0,1}, {0,1}}, {{0,1}, {1,0}}, {{1,0}, {0,1}}, {{1,0}, {1,0}}.
Example 8. w∗ = 123132 with the information of orientations {{1, 0}, {0, 1}, {1, 0}}
impliy orientation_list= {1, 0, 1, 0, 0, 1}.
Then, by applying the process (Step 1)–(Step 5) and the above lexicographic
order with respect to 0 and 1, we have Gˇ≤n the set of isomorphism classes of
oriented Gauss words of length ≤ 2n. Similar to an unoriented case (the toy
model), we obtain {v | v is a normal oriented Gauss word of type jkSi¯ j¯T ik¯U or
j¯k¯Si jT i¯kU of length 2n }, which obtains Rˇ00001(2, n).
Example 9 (Rˇ00010(2, 3)). Every element in Gˇ2,3 ∩ Conn is listed as follows.
Then, (if necessary,) we redefine x∗1 =
♥ ✒❅■ , x∗2 = ♥❄✻✲, x
∗
3 =
♥
❄❄
✲, x∗4 = ♥✻✻✲, x∗5 =
♥✻❄✲, x
∗
6 =
♥ ✒❅■✻, and x∗7 = ♥ ✒❅■❄. Also every oriented Gauss word of type j¯kSi¯ jT k¯iU
or j¯iSk j¯T ik¯U in Rˇ00010(2, 3) is listed as follows.
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Then, we list relators
r∗s1 =
♥ ✒❅■❄+
♥ ✒❅■ + ♥ ✒❅■ + ♥ ✒❅■ − ♥✁☛ ❆❑✲− ♥❄✻− ♥❄✻− ♥❄✻,
r∗s1a =
♥ ✒❅■❄+
♥ ✒❅■ + ♥ ✒❅■ + ♥ ✒❅■ − ♥✁✕ ❆❯✛ − ♥✻❄− ♥✻❄− ♥✻❄,
r∗s2 =
♥ ✒❅■✻+ ♥❄✻✲ + ♥❄✻✲ − ♥✟✙❍❨✲ − ♥❄✻✲ − ♥✟✙❍❨✲ ,
r∗s3 =
♥ ✒❅■❄+
♥
❄❄
✲ + ♥✻✻✲ − ♥✟✯❍❨✲ − ♥❄✻✲ − ♥✟✙❍❥✲ ,
r∗s4 =
♥ ✒❅■✻+ ♥✻❄✲ + ♥✻❄✲ − ♥✟✯❍❥✛ − ♥✻❄✲ − ♥✟✯❍❥✛ , and
r∗s5 =
♥✻✻✲ + ♥ ✒❅■❄+
♥
❄❄
✲ − ♥✻❄✲ − ♥✟✯❍❨✛ − ♥✟✙❍❥✛ .
Here, note that OˇIrr(r
∗
s1) = OˇIrr(r
∗
s1a) and Lemma 2. Thus, letting A= (x
∗
i (r
∗
sj))1≤i≤7,1≤j≤5,
we have
A =


3 0 0 0 0
0 1 −1 0 0
0 0 1 1 0
0 0 1 1 0
0 0 0 −1 1
0 1 0 0 1
1 0 1 1 0


.
Let Vs(2, 3) = {x | xA = 0}. It is elementary to show that dimVw(2, 3) =
3 and the set of solutions is {x = γ1(1, 0, 3, 0, 0, 0,−3) +γ2(0, 1, 1, 0, 1,−1, 0) +
γ3(0, 0, 1,−1, 0, 0, 0) | γ1, γ2, γ3 ∈ Z}.
By Corollary 2, the following functions are invariant of spherical curves under
RI and strong RIII.
♥ ✒❅■ + 3 ♥❄❄✲ − 3 ♥ ✒❅■❄,
♥✻❄✲ + ♥❄✻✲ + ♥✻✻✲ − ♥ ✒❅■✻, and
♥✻✻✲ − ♥❄❄✲.
(7)
Note that [10] introduced an invariant
1
4
{
3
(
♥✻❄✲ + ♥❄✻✲ + ♥✻✻✲ + ♥❄❄✲
)
− 3
(
♥ ✒❅■✻+ ♥ ✒❅■❄
)
+ ♥ ✒❅■
}
and it can be deduced from
3
(
♥✻❄✲ + ♥❄✻✲ + ♥✻✻✲ + ♥❄❄✲
)
− 3
(
♥ ✒❅■✻+ ♥ ✒❅■❄
)
+ ♥ ✒❅■
= 3
(
♥✻❄✲ + ♥❄✻✲ + ♥✻✻✲ − ♥ ✒❅■✻
)
+
(
♥ ✒❅■ + 3 ♥❄❄✲ − 3 ♥ ✒❅■❄
)
.
Example 10 (Rˇ00001(2, 3)). Every element in Gˇ2,3∩Conn is listed as in Example 9.
Every oriented Gauss word of type jkSi¯ j¯T ik¯U or j¯i¯Sk jT k¯iU in Rˇ00001(2, 3) is
listed as follows.
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Then, we list relators
r∗w1 =
♥✻❄✲ + ♥✻❄+ ♥ ✒❅■ + ♥ ✒❅■ − ♥✟✯❍❥✲ − ♥✻✻− ♥ ✒❅■ − ♥✻✻,
r∗w2 =
♥
❄✻
✲ + ♥❄✻+ ♥ ✒❅■ + ♥ ✒❅■ − ♥✟✙❍❨✛ − ♥✻✻− ♥ ✒❅■ − ♥✻✻,
r∗w3 =
♥✻❄✲ + ♥❄✻✲ + ♥❄✻✲ − ♥✟✙❍❥✲ − ♥ ✒❅■❄−
♥✟✯❍❨✲ ,
r∗w4 =
♥✻❄✲ + ♥✻✻✲ + ♥❄❄✲ − ♥✟✯❍❥✲ − ♥ ✒❅■✻− ♥✟✯❍❥✲ ,
r∗w5 =
♥✟✯❍❥✛ + ♥✻❄✲ + ♥ ✒❅■✻− ♥✟✙❍❥✛ − ♥✻❄✲ − ♥❄❄✲,
r∗w6 =
♥✟✙❍❥✛ + ♥❄❄✲ + ♥ ✒❅■✻− ♥✟✙❍❨✛ − ♥❄❄✲ − ♥✻✻✲,
r∗w7 =
♥✟✯❍❨✛ + ♥ ✒❅■✻+ ♥✻✻✲ − ♥❄❄✲ − ♥✻✻✲ − ♥✟✙❍❨✛ ,
r∗w8 =
♥✟✯❍❥✛ + ♥ ✒❅■✻+ ♥✻❄✲ − ♥✻✻✲ − ♥✻❄✲ − ♥✟✯❍❨✛ ,
r∗w9 =
♥
❄✻
✲ + ♥✻✻✲ + ♥❄❄✲ − ♥✟✙❍❨✛ − ♥ ✒❅■✻− ♥✟✙❍❨✛ ,
r∗w10 =
♥
❄✻
✲ + ♥✻❄✲ + ♥✻❄✲ − ♥✟✯❍❨✛ − ♥ ✒❅■❄−
♥✟✙❍❥✛ ,
r∗w11 =
♥✟✯❍❨✲ + ♥❄❄✲ + ♥ ✒❅■✻− ♥✟✯❍❥✲ − ♥❄❄✲ − ♥✻✻✲,
r∗w12 =
♥✟✙❍❨✲ + ♥❄✻✲ + ♥ ✒❅■✻− ♥✟✯❍❨✲ − ♥❄✻✲ − ♥❄❄✲,
r∗w13 =
♥✟✙❍❨✲ + ♥ ✒❅■✻+ ♥❄✻✲ − ♥✻✻✲ − ♥❄✻✲ − ♥✟✙❍❥✲ , and
r∗w14 =
♥✟✙❍❥✲ + ♥ ✒❅■✻+ ♥✻✻✲ − ♥❄❄✲ − ♥✻✻✲ − ♥✟✯❍❥✲ .
Thus, letting A = (x∗i (r
∗
wj))1≤i≤7,1≤j≤14, we have
A =


1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 2 0 0 0 0 0 1 1 0 0 0 0
0 0 0 1 −1 0 −1 0 1 0 0 −1 0 −1
0 0 0 1 0 −1 0 −1 1 0 −1 0 −1 0
1 0 1 1 0 0 0 0 0 2 0 0 0 0
0 0 0 −1 1 1 1 1 −1 0 1 1 1 1
0 0 −1 0 0 0 0 0 0 −1 0 0 0 0


Let Vw(2, 3) = {x | xA = 0}. It is elementary to show that dimVw(2, 3) = 1, and
the set of the solutions is {x = γ(−1, 1,−1,−1, 1,−1, 3) | γ ∈ Z}. Thus,
− ♥ ✒❅■ + ♥❄✻✲ − ♥✻✻✲ − ♥❄❄✲ − ♥✻❄✲ − ♥ ✒❅■✻+ 3 ♥ ✒❅■❄
is a weak (1, 3) homotopy invariant of oriented spherical curves. However, in [3],
Goussarov, Polyak, Viro reviewed that it vanishes on the spherical curves (see [3,
Section 3.2, Page 1058]).
Example 11. Let V oris (b, b + 1) (V
ori
w (b, b + 1), resp.) be the kernel space of
each matrix (x∗i (r
∗
j )) with appropriate induces obtained by x
∗
i ∈ Gˇb,b+1 and r
∗
j ∈
Rˇ00010(b, b+ 1) (Rˇ00001(b, b+ 1), resp.).
b 2 3 4 5
dimV oris (b, b+ 1) 3 18 145
dimV oriw (b, b+ 1) 1 3 13 31
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Surprisingly, if we proceed to a discussion using unoriented Gauss diagrams (cf. Def-
inition 1, Definition 2, Section 4.1, and [10]), for every number b of chords (2 ≤
b ≤ 5), there is no function that is invariant under weak (1, 3) homotopy (some
examples for other homotopies, computations are given by [8]). However, by the
above table, for oriented versions, i.e., for every Gˇb,b+1 (2 ≤ b ≤ 5), there exists a
function that is invariant under weak (1, 3) homotopy.
5. Tables
Tables 1 and 2 or Table 3 list the prime reduced spherical curves up to seven
double points. Table 3 represents values of three invariants (I1, I2, I3) obtained
from Section 4.2. In Table 3, for any pair of spherical curves P and P ′ in a box,
(I1(P ), I2(P ), I3(P )) = (I1(P
′), I2(P
′), I3(P
′)). Further, except for the pair 74 and
7B, it is easy to show that any pair of spherical curves in the same box in the leftmost
column are related by a finite sequence generated by RI and strong RIII. For the
pair 74 and 7B, see Fig. 16. The sequence of Fig. 16 is obtained by [13]. Tables 4–6
strong RIIIRI RI=
74 B774
strong RIII strong RIII
Figure 16. A sequence generated by RI and strong RIII between
74 and 7B. The leftmost equality “=” is an ambient isotopy on S
2.
are the list of Gˇ4,5 ∩ Conn. Tables 7–19 are the 13 tuples (corresponding to the
formula dimV oriw (4, 5) = 13 preceding Conjecture 1) consisting of the coefficients in
the order of Gˇ4,5 ∩ Conn (Tables 4–6).
Further, the list of 15922 oriented Gauss diagrams in Gˇ5,6 ∩ Conn and the 31
tuples (corresponding to the formula dimV oriw (5, 6) = 31 preceding Conjecture 1)
consisting of the coefficients in the order of Gˇ5,6 ∩Conn are given by the webpage:
http://www.chuo-u.gr.jp/~takamura/sc/index.html.
ARROW DIAGRAMS ON SPHERICAL CURVES AND COMPUTATIONS 25
Table 1. Prime spherical curves, positive knot diagrams, and val-
ues of x∗. In this table, for each P and for each x∗, x∗(P+) =
x∗(P−).
71
1
2
1
1
2
3
6
6
6
5
5
4
13
0      0       0      0      0      0      0      
3      0      1      0       0       0      0      
4      0      0       2      2      0       0      
10     5       5      0      0      0      0      
7       1      2      2      2      1      1      
8       0      0     6       6      2      2      
11     4       3      4      4       1      1       
10     2      4      2       2      2      2      
21    21    14     0      0      0      0      
P      K ADP P
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Table 2. Prime spherical curves, positive knot diagrams, and val-
ues of x∗. In this table, for each P and for each x∗, x∗(P+) =
x∗(P−).
2
3
4
5
6
7
7
7
7
7
7
7
A
B
C7
7
7
11     2      3       6      6      4      4    
18    13     9      4       4      2      2    
15     5      4       8      8      4      4     
14     6      6       4      4      3      3    
11     1       2      6      6      3      3     
12     3       1      8      8      2      2     
11     1      2      6       6      3      3     
12     3      1      8       8      2      2     
14      6      6      4      4      3      3     
P KP ADP
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Table 3. Values of three invariants obtained from Example 9.
Any pair of prime spherical curves in the same box in the leftmost
column are related by a finite sequence generated by RI and
strong RIII.
71
2
5
7
7
1
21
1
2
3
6
6
6
5
54
C7
13
4                          -4
-5                           5
 14                         -14
 5                           -5
  -21                          21
 -3                             3
15                         -15
,
, ,
,         ,
, ,
3
4
6
7
7
7
7
7
A
B7
7
, ,
,
0
0
0
0
0
0
0
0
0                            0
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Table 4. The ordered elements of Gˇ4,5 from no.1 to no.300
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Table 5. The ordered elements of Gˇ4,5 from no.301 to no.600
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Table 6. The ordered elements of Gˇ4,5 from no.601 to no.852
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Table 7. The first one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
−19 82 −7 44 55 −161 15 79 −34 15 65 −58 44 106 −31
−19 82 44 18 2 −34 −30 44 58 −55 44 −30 79 115 18
44 −31 −17 0 31 92 0 −16 −17 31 −16 6 14 64 14
0 −16 14 0 −26 0 0 28 28 32 32 −33 7 −80 80
17 −13 52 −30 30 −26 −17 −13 −58 84 −7 7 7 −7 84
−58 −13 −17 −26 30 −30 52 −13 17 80 −80 7 −33 72 −7
−211 94 −52 9 125 −30 −99 52 116 −121 105 8 −144 83 −30
−31 121 −8 −8 3 −61 14 83 12 −104 61 −19 −98 106 −41
72 −98 −94 94 −52 56 52 −30 −99 103 91 −121 105 −79 −83
83 −30 30 34 −8 −8 −22 −10 14 83 −61 −57 61 −19 19
15 −41 4 87 −30 −87 −51 0 73 0 55 −30 −61 0 0
87 −51 4 −29 71 −47 9 −13 −77 23 63 1 −61 −13 25
−25 89 15 −31 −31 15 89 −25 25 −13 −61 1 63 23 −77
−13 9 −47 71 −29 72 −30 −98 30 −92 32 96 −10 −77 17
81 −47 87 −45 −61 45 −68 52 68 −26 66 −32 −96 36 103
−17 −81 21 −83 15 83 −41 −97 125 39 −49 64 −126 −46 90
67 −93 −31 31 −20 56 32 −42 71 −81 −57 93 −82 82 20
−46 −23 67 −13 −49 64 −74 12 16 171 −129 −157 119 −186 96
186 −100 −142 82 142 −130 193 −129 −135 119 −107 91 97 −33 96
−84 −144 84 126 −40 −130 40 −107 69 97 −55 −97 125 44 −84
81 −113 −46 90 67 −93 −26 48 −55 69 32 −42 71 −81 −44
58 −65 87 20 −46 −23 67 0 −32 29 −69 12 16 70 −28
−121 53 −92 32 113 −27 −64 4 81 −47 64 −22 −59 43 −70
54 91 −49 66 −32 −109 49 86 0 −81 21 −60 −8 85 −43
99 −17 −144 58 −99 49 52 2 −71 17 20 −58 99 −13 −52
58 −55 61 100 −14 55 −93 −96 42 115 −61 −64 14 −55 −31
96 −14 99 −68 −97 58 −99 42 63 2 −71 32 53 −58 99
−42 −71 58 −55 42 71 −14 55 −60 −81 42 115 −50 −71 14
−55 16 45 −14 99 −17 −84 20 −111 39 52 2 −71 17 48
−20 67 −47 −52 58 −55 61 66 −46 93 −65 −96 42 115 −61
−74 2 −93 29 96 −14 0 11 −9 −54 −6 −1 −33 92 −6
−57 −37 48 −6 21 53 −16 −16 53 21 −6 48 −37 −57 −6
92 −33 −1 −6 −54 −9 11 0 0 42 −4 −34 −34 −56 −6
92 −54 46 68 −16 0 −4 −34 −6 0 42 −14 −54 −6 −54
−6 92 −54 48 48 −16 0 −6 −14 −6 −43 90 31 −30 23
−60 −37 26 61 −94 −71 64 −39 38 67 −26 87 −46 −75 74
−49 42 19 −52 −87 76 53 −90 83 −82 −23 70 −43 36 55
−30 23 −20 −47 26 61 −66 −77 64 −39 32 51 −26 87 −62
−81 74 −49 36 47 −52 −87 66 93 −90 83 −58 −77 70 113
−59 −206 130 −50 62 91 −81 −92 64 63 −101 47 3 −70 86
−27 43 116 −66 12 −50 −49 21 32 −22 −51 63 17 −93 54
0 59 −55 −23 49 0 −30 0 4 −30 0 23 −37 59 −23
4 0 −6 −1 −33 92 21 53 −16 8 −152 −33 −8 53 8
−1 21 −6 −14 −76 21 117 −54 52 9 −47 27 77 −54 −106
3 −75 38 82 82 38 −75 3 −106 −54 77 27 −47 9 52
−54 117 21 −76 −14 0 0 52 4 −79 35 −21 25 19 13
−43 −61 0 −4 56 4 4 56 −4 0 −61 −43 13 19 25
−21 35 −79 4 52 0 0 13 17 9 17 9 13 −195 −195
6 0 32 6 −12 24 −24 64 −6 −34 −82 −18 0 −10 54
0 0 54 −10 0 −18 −82 −34 −6 64 −24 24 −12 6 32
0 6 6 14 0 6 −12 −20 −6 64 −42 −18 20 0 6
0 −12 −6 6 0 32 6 0 4 −44 −12 0 12 −36 −12
0 −10 54 0 0 54 −10 0 −12 −36 12 0 −12 −44 4
0 6 32 0 6 6 14 0 6 0 −14 −12 0 −14 −12
20 0 6 0 0 0 −28 32 0 32 −36 0 0 32 0
0 0 32 −28 0 −36 0 −28 32 8 −28 0 −28 0 32
0 0 0 32 −28 0 8 0 32 0 0 −160
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Table 8. The second one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
−33 46 19 36 53 −195 5 69 −14 5 −13 −38 36 110 −37
−33 46 36 −18 −26 −14 −90 36 38 −53 36 −82 69 65 −26
36 −37 −27 −40 61 52 −40 −48 −19 53 −32 −30 34 40 34
0 −32 34 0 −46 0 0 148 148 16 0 5 −3 −32 32
35 −39 12 −10 2 −6 45 −39 −38 36 3 −3 −3 3 28
−30 −39 45 −14 10 −2 4 −39 35 40 −40 −3 5 72 −45
−97 74 −28 −21 71 −26 −137 100 180 −139 83 −48 −120 81 −10
−21 35 −8 −40 89 −7 −38 73 −36 −112 71 −17 −14 54 −19
72 −70 −74 74 −28 24 28 −26 −137 133 145 −139 83 −85 −81
81 −10 10 6 −8 −40 46 34 −38 73 −71 −75 71 −17 17
21 −19 −12 37 14 −37 −33 8 35 0 29 6 −39 0 −8
37 −33 −4 1 61 −45 −21 41 −103 21 45 11 −79 41 27
−51 115 5 −69 −69 5 107 −43 27 41 −87 19 53 13 −103
41 −13 −53 61 1 80 −18 −78 18 −76 8 72 −6 −95 27
91 −21 77 −15 −79 15 −84 20 84 −22 78 −8 −72 4 93
−27 −91 23 −81 21 81 −19 −99 103 37 −59 80 −98 −26 62
41 −55 3 5 −36 56 −8 −6 101 −99 −43 63 −86 94 28
−58 −37 57 −7 −11 40 −62 12 8 153 −91 −151 85 −166 104
150 −84 −170 102 170 −102 171 −107 −165 101 −89 25 83 −19 104
−36 −88 20 106 −40 −102 40 −105 39 99 −37 −99 103 36 −52
83 −107 −26 62 41 −55 18 −8 −45 63 −8 −6 101 −99 −36
54 −99 109 28 −58 −37 57 −16 −8 47 −63 12 8 74 −12
−91 31 −76 8 99 −33 −64 −4 83 −13 64 −2 −81 17 −74
10 97 −35 78 −8 −103 35 66 0 −83 15 −68 8 79 −17
57 −35 −64 46 −73 19 76 −26 −61 35 68 −46 57 −31 −60
38 −53 39 60 −42 69 −23 −80 30 65 −39 −72 42 −53 27
64 −34 57 −20 −75 46 −73 14 77 −26 −61 16 87 −46 57
−14 −77 38 −53 22 77 −42 69 −20 −83 30 65 −22 −93 42
−53 16 79 −34 57 −35 −60 20 −77 45 76 −26 −61 35 56
−36 73 −45 −60 38 −53 39 54 −18 71 −43 −80 30 65 −39
−54 30 −71 39 64 −34 −16 25 61 −66 −2 −11 −43 52 14
−11 −63 64 −2 −1 47 −48 −48 39 7 −2 64 −55 −19 14
52 −51 −3 −2 −66 69 17 −16 −16 78 −12 −54 10 −72 14
52 −82 58 76 −48 −16 −12 10 14 −16 78 6 −66 −2 −66
14 52 −82 64 64 −48 −16 −2 6 14 −81 70 53 −42 21
−20 −15 14 95 −82 −85 64 −45 34 33 −14 85 −66 −57 46
−19 14 9 −12 −93 76 79 −62 49 −38 −29 18 −81 52 77
−42 21 −12 −29 14 95 −70 −95 64 −45 24 41 −14 85 −50
−75 46 −19 −4 29 −12 −93 70 79 −62 49 −22 −39 18 99
−81 −90 94 −102 66 97 −83 −76 64 85 −71 69 −63 −74 66
−33 17 28 −30 36 2 −35 15 8 −2 −17 5 −5 1 10
0 9 −13 −5 3 −8 14 8 −4 6 0 5 −7 9 −5
−12 0 −2 −11 −43 52 −1 47 −48 0 64 −51 −32 39 −16
−3 7 −2 −10 −52 −1 63 14 60 −5 −45 −15 55 −2 −62
9 −81 2 70 70 2 −81 9 −62 −2 55 −15 −45 −5 60
14 63 −1 −52 −10 0 0 −20 12 19 −7 1 11 −7 −9
−1 9 −16 4 8 −4 −4 8 4 −16 9 −1 −9 −7 11
1 −7 19 12 −20 0 0 −9 3 −5 3 −5 −9 55 55
−30 8 56 −30 −4 8 −48 40 −2 18 −54 34 16 −46 34
0 0 42 −38 0 34 −46 10 −2 40 −56 16 −4 −30 48
0 −14 −30 42 16 −30 −4 −36 −2 40 −22 34 12 0 −14
0 −4 −2 −30 8 56 −30 0 20 −52 36 0 4 −52 36
16 −46 34 0 0 42 −38 0 36 −60 12 0 36 −44 12
0 −30 48 0 −14 −30 42 16 −30 0 −34 36 0 −34 36
12 0 −14 0 0 0 4 16 0 16 −4 0 −16 16 −16
0 −16 16 4 −16 −4 0 4 16 0 4 0 4 −16 16
−16 −16 0 16 4 0 −16 0 16 0 −16 0
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Table 9. The third one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
−43 50 33 44 63 −217 7 71 −2 7 −39 −26 44 122 −23
−43 50 44 −14 −14 −2 −110 44 58 −31 44 −94 71 75 −30
44 −23 −25 −48 71 60 −48 −16 −9 55 −48 −42 46 80 46
0 −48 46 0 −74 0 0 188 188 32 0 −9 −1 −48 48
41 −37 20 −14 −2 6 23 −37 −58 68 1 −1 −1 1 52
−42 −37 23 −10 14 2 4 −37 41 64 −64 −1 −9 72 −31
−139 78 −20 −31 85 −14 −139 100 164 −145 81 −8 −128 75 −14
−23 65 −8 −40 75 −21 −34 91 −36 −120 85 −11 −66 74 −17
72 −82 −78 78 −20 24 20 −14 −139 143 131 −145 81 −71 −75
75 −14 14 18 −8 −40 26 38 −34 91 −85 −81 85 −11 11
7 −17 −12 63 2 −63 −43 16 49 0 47 −14 −53 0 −16
63 −43 4 −5 63 −55 1 27 −101 31 39 9 −69 27 17
−65 129 7 −55 −55 7 113 −49 17 27 −85 25 55 15 −101
27 17 −71 63 −5 88 −30 −98 30 −76 16 80 −10 −85 25
89 −39 79 −21 −69 21 −84 36 84 −26 66 −16 −80 20 95
−25 −89 29 −75 7 75 −17 −121 117 47 −57 96 −126 −30 74
43 −53 25 −9 −36 56 −16 −10 111 −105 −49 69 −98 114 20
−62 −31 43 −37 7 48 −58 28 0 163 −105 −149 95 −186 112
154 −84 −158 98 158 −114 169 −105 −143 95 −99 51 89 −25 112
−68 −96 36 110 −40 −114 40 −99 45 89 −31 −121 117 44 −68
105 −121 −30 74 43 −53 22 0 −47 61 −16 −10 111 −105 −44
58 −89 111 20 −62 −31 43 −32 16 37 −61 28 0 70 −12
−113 45 −76 16 105 −35 −64 4 73 −23 64 −6 −67 19 −70
22 99 −41 66 −16 −101 41 70 0 −73 13 −60 −8 77 −19
43 −9 −80 42 −75 9 84 −14 −63 41 68 −74 75 −21 −84
58 −31 21 68 −30 63 −21 −96 26 75 −53 −80 62 −63 9
96 −46 43 −20 −73 42 −75 26 71 −14 −63 32 93 −74 75
−26 −95 58 −31 10 63 −30 63 −28 −73 26 75 −34 −95 62
−63 16 85 −46 43 −9 −52 4 −87 31 84 −14 −63 41 64
−36 75 −55 −84 58 −31 21 50 −14 85 −41 −96 26 75 −53
−74 34 −85 53 96 −46 −32 35 47 −70 10 −9 −41 60 10
−17 −61 48 10 −19 45 −16 −16 29 −3 10 48 −45 −33 10
60 −57 7 10 −70 63 19 −32 −32 90 −4 −50 14 −88 10
60 −70 30 68 −16 −32 −4 14 10 −32 90 2 −70 10 −70
10 60 −70 48 48 −16 −32 10 2 10 −83 90 55 −46 −1
−28 3 10 101 −94 −79 64 −31 22 27 −10 95 −78 −67 58
−9 26 −5 −20 −111 92 77 −74 43 −34 −15 22 −83 52 79
−46 −1 12 −23 10 101 −82 −85 64 −31 16 27 −10 95 −62
−89 58 −9 4 23 −20 −111 82 101 −74 43 −26 −37 22 105
−67 −126 98 −98 62 99 −73 −76 64 55 −77 71 −37 −70 70
−35 19 52 −34 44 −18 −41 13 16 −6 −11 23 −7 −37 22
0 19 −15 1 9 −16 2 16 4 −14 0 −1 −13 19 1
−12 0 10 −9 −41 60 −19 45 −16 24 −8 −57 −24 29 −8
7 −3 10 2 −76 13 77 −6 52 −31 −23 −29 101 −6 −90
11 −83 22 66 66 22 −83 11 −90 −6 101 −29 −23 −31 52
−6 77 13 −76 2 0 0 20 4 −23 11 −13 17 −5 5
−19 −21 0 −4 24 4 4 24 −4 0 −21 −19 5 −5 17
−13 11 −23 4 20 0 0 5 9 1 9 1 5 −75 −75
−42 16 80 −42 20 −8 −72 80 −22 30 −66 14 32 −58 38
0 0 54 −42 0 14 −50 14 −22 80 −88 8 20 −42 64
0 −10 −42 62 32 −42 20 −68 −22 80 −42 14 20 0 −10
0 20 −22 −42 16 80 −42 0 20 −76 36 0 12 −52 36
32 −58 38 0 0 54 −42 0 36 −68 28 0 36 −60 4
0 −42 64 0 −10 −42 62 32 −42 0 −46 36 0 −46 36
20 0 −10 0 0 0 −12 32 0 32 12 −32 −32 32 0
−32 0 32 −12 −32 12 0 −12 32 24 −12 0 −12 −32 32
0 −32 0 32 −12 0 −8 0 32 −32 0 0
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Table 10. The fourth one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
1 0 −1 −1 −1 4 0 −1 −1 0 2 0 −1 −2 0
1 0 −1 0 1 −1 3 −1 −1 0 −1 2 −1 0 1
−1 0 1 1 −2 0 1 0 0 −1 1 2 −1 −1 −1
0 1 −1 0 2 0 0 −4 −4 0 0 0 0 0 0
−1 1 0 0 1 −1 −1 1 1 −1 0 0 0 0 0
0 1 −1 0 0 −1 1 1 −1 −1 1 0 0 −1 1
1 −1 0 1 −1 0 3 −3 −3 3 −1 0 2 −1 0
0 0 0 1 −2 0 1 −2 2 2 −2 0 1 −1 0
−1 1 1 −1 0 0 0 0 3 −3 −3 3 −1 1 1
−1 0 0 0 0 1 −1 −1 1 −2 2 2 −2 0 0
0 0 1 −1 −1 1 0 −1 0 0 0 0 1 0 1
−1 0 0 0 −1 1 0 −1 2 −1 0 0 1 −1 0
2 −3 0 1 1 0 −2 1 0 −1 2 −1 −1 0 2
−1 −1 2 −1 0 −2 1 2 −1 1 0 −1 0 2 −1
−2 1 −1 0 1 0 2 −1 −2 1 −1 0 1 0 −2
1 2 −1 1 0 −1 0 3 −2 −1 1 −2 2 0 −1
−1 0 −1 1 1 −1 1 0 −3 2 1 −1 2 −2 0
1 1 0 1 −1 −1 1 −1 0 −3 2 2 −1 4 −3
−2 1 3 −2 −3 2 −3 2 2 −1 2 −1 −1 0 −3
2 1 0 −2 1 2 −1 2 −1 −1 0 3 −2 −1 1
−2 2 0 −1 −1 0 −1 1 1 −1 1 0 −3 2 1
−1 2 −2 0 1 1 0 1 −1 −1 1 −1 0 −1 0
2 −1 1 0 −2 1 1 0 −1 0 −1 0 1 0 1
0 −2 1 −1 0 2 −1 −1 0 1 0 1 0 −1 0
0 0 1 −1 2 0 −3 1 0 −1 −1 2 −1 0 2
−1 0 0 −1 1 −2 0 3 −1 0 1 1 −2 1 0
−2 1 0 0 1 −1 2 −1 −2 1 0 0 −2 2 −1
0 2 −1 0 0 −1 1 −2 1 2 −1 0 0 2 −2
1 0 −2 1 0 0 1 0 2 −1 −3 1 0 −1 −1
1 −1 1 2 −1 0 0 −1 0 −2 1 3 −1 0 1
1 −1 1 −1 −2 1 1 −1 −1 1 0 0 0 0 −1
0 2 −1 0 1 −1 0 0 0 0 0 −1 1 1 −1
0 1 −1 0 1 −2 0 1 1 −2 1 0 −1 2 −1
0 2 0 −2 0 1 1 −1 −1 1 −2 0 1 0 1
−1 0 2 −1 −1 0 1 0 0 −1 2 −2 −1 1 1
0 −1 0 −3 2 2 −1 0 0 0 0 −2 2 1 −1
−1 0 1 0 3 −2 −2 1 0 0 0 0 2 −1 −2
1 1 −1 0 0 −3 2 2 −1 0 0 0 0 −2 1
2 −1 −1 1 0 0 3 −2 −2 1 0 0 0 0 −2
1 1 −1 3 −1 −2 1 1 −1 0 1 −2 1 1 −1
1 0 0 0 −2 0 1 0 0 0 −1 0 1 0 0
0 0 0 −1 1 1 −1 −1 0 0 0 1 0 0 −1
1 0 0 0 0 0 1 −1 0 −1 −1 1 1 0 1
−1 0 0 0 1 −1 0 0 −1 1 0 1 −2 0 1
−1 2 0 −1 −1 0 2 −1 1 0 −2 1 0 1 −1
0 0 −1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 −1 −3 2 0 0 1 −1 0 −1 2 −1 −2 2 0
0 0 −1 1 0 −1 1 0 0 −1 2 −1 0 2 −2
0 0 2 −2 −2 2 0 1 0 −1 1 −1 0 0 0
0 0 0 2 −1 −3 2 0 −1 2 −1 0 0 1 −1
−2 2 0 0 0 −1 1 0 −1 2 −1 0 −1 1 0
0 2 −2 0 0 2 −2 −2 2 0 1 −1 0 1 −1
0 0 0 0 0 0 0 0 −1 0 0 0 1 0 0
0 0 0 0 1 0 −1 0 0 −1 0 0 0 1 0
0 1 −1 0 0 0 1 −1 0 0 0 0
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Table 11. The fifth one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
−3 −6 5 0 −5 11 −1 −9 6 −1 −19 10 0 −10 9
−3 −6 0 −2 2 6 −2 0 −6 9 0 −2 −9 −13 −2
0 9 7 0 −1 −12 0 8 7 −1 0 −2 6 0 6
0 0 6 0 −2 0 0 12 12 0 0 −1 −1 0 0
1 3 −4 2 −2 6 −9 3 −2 4 1 −1 −1 1 4
−2 3 −9 6 −2 2 −4 3 1 0 0 −1 −1 −8 9
5 −10 12 −7 −11 10 13 −12 −20 15 −15 16 16 −13 2
1 1 0 0 −5 3 −2 −5 4 8 −3 5 −10 −6 7
−8 6 10 −10 12 −8 −12 10 13 −9 −21 15 −15 17 13
−13 2 −2 2 0 0 −6 6 −2 −5 3 7 −3 5 −5
−9 7 4 −1 −6 1 −3 0 1 0 7 −6 3 0 0
−1 −3 4 3 −9 1 9 −5 11 −1 −9 1 11 −5 −7
−1 −7 −1 9 9 −1 −7 −1 −7 −5 11 1 −9 −1 11
−5 9 1 −9 3 −8 2 6 −2 12 0 −8 −2 19 −7
−15 1 −9 3 11 −3 12 −4 −12 6 −14 0 8 4 −17
7 15 −3 13 −9 −13 7 7 −11 −1 7 0 2 2 −6
−13 11 17 −9 4 −8 −8 6 −9 7 7 −11 6 2 −4
2 9 −13 −13 15 −8 14 4 −8 −21 15 19 −9 22 −16
−22 12 26 −14 −26 14 −31 23 25 −17 13 −5 −7 −1 −16
4 16 −4 −18 8 14 −8 21 −11 −15 9 7 −11 −4 4
1 7 2 −6 −13 11 6 0 9 −11 −8 6 −9 7 4
−6 15 −9 −4 2 9 −13 −8 16 −11 11 4 −8 −10 4
7 −3 12 0 −15 5 8 4 −15 1 −8 2 13 −5 10
−2 −13 7 −14 0 19 −7 −10 0 15 −3 12 −8 −11 5
−13 7 8 −6 13 −7 −4 2 9 −7 −4 6 −13 11 4
−6 9 −11 −4 2 −9 11 8 −6 −13 11 8 −2 9 −7
−8 2 −13 4 7 −6 13 2 −9 2 9 0 −11 6 −13
6 9 −6 9 −6 −9 2 −9 4 15 −6 −13 6 17 −2
9 −8 −11 2 −13 7 12 −4 9 −9 −4 2 9 −7 −8
12 −13 9 4 −6 9 −11 −6 2 −3 7 8 −6 −13 11
6 −6 11 −3 −8 2 0 −5 −9 10 2 7 7 −12 2
−1 3 −8 2 −3 −3 8 8 −3 −3 2 −8 3 −1 2
−12 7 7 2 10 −9 −5 0 0 −6 4 6 −2 8 2
−12 10 −10 −12 8 0 4 −2 2 0 −6 −6 10 2 10
2 −12 10 −8 −8 8 0 2 −6 2 5 −6 −1 2 −9
4 11 −6 −11 10 17 −8 9 −10 −13 6 −9 2 5 −6
7 2 −5 4 9 −4 −11 6 −13 14 9 −10 5 −4 −9
2 −9 12 9 −6 −11 6 19 −8 9 −8 −13 6 −9 2
7 −6 7 4 −9 4 9 −6 −3 6 −13 6 11 −10 −15
13 10 −14 14 −10 −13 15 12 −8 −17 11 −9 11 10 −10
5 −5 −4 6 −4 −2 7 −3 0 2 5 −1 1 −5 −2
0 −5 9 1 1 0 −6 0 4 −6 0 −1 3 −5 1
4 0 2 7 7 −12 −3 −3 8 0 −16 7 0 −3 0
7 −3 2 2 4 5 −11 −6 −4 −7 9 −5 5 2 6
3 5 −2 −6 −6 −2 5 3 6 2 5 −5 9 −7 −4
−6 −11 5 4 2 0 0 12 −4 −7 3 −5 1 −5 5
−3 −5 8 −4 0 4 4 0 −4 8 −5 −3 5 −5 1
−5 3 −7 −4 12 0 0 5 1 1 1 1 5 −35 −35
−2 0 0 −2 4 0 0 0 2 −2 −2 6 0 −2 −2
0 0 −2 −2 0 6 −2 −2 2 0 0 0 4 −2 0
0 −2 −2 6 0 −2 4 −4 2 0 −18 6 4 0 −2
0 4 2 −2 0 0 −2 0 −4 −4 4 0 4 4 4
0 −2 −2 0 0 −2 −2 0 4 4 4 0 4 −4 −4
0 −2 0 0 −2 −2 6 0 −2 0 −6 4 0 −6 4
4 0 −2 0 0 0 4 0 0 0 −4 0 0 0 0
0 0 0 4 0 −4 0 4 0 0 4 −8 4 0 0
0 0 0 0 4 −8 0 0 0 0 0 0
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Table 12. The sixth one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
3 0 −3 −2 −1 3 −1 1 −2 −1 9 −4 −2 0 −3
3 0 −2 2 0 −2 4 −2 0 −3 −2 4 1 3 2
−2 −3 −3 2 −1 4 2 −4 −3 −1 2 2 −4 −2 −4
0 2 −4 0 2 0 0 −12 −12 0 0 1 1 2 −2
−3 1 0 0 0 −2 3 1 2 −4 −1 1 1 −1 −4
2 1 3 −2 0 0 0 1 −3 −2 2 1 1 2 −3
3 2 −6 5 1 −4 −3 4 4 −1 3 −6 −4 3 0
−1 −3 0 2 1 1 0 −1 −2 2 −3 −1 6 0 −1
2 0 −2 2 −6 4 4 −4 −3 1 5 −1 3 −5 −3
3 0 0 −2 0 2 2 −2 0 −1 1 1 −3 −1 1
3 −1 −2 −1 4 1 3 0 −3 0 −5 4 −1 0 0
−1 3 −2 −1 3 1 −5 1 −1 −1 3 −1 −3 1 5
1 1 −1 −3 −3 −1 1 1 5 1 −3 −1 3 −1 −1
1 −5 1 3 −1 2 0 0 0 −2 −2 0 2 −7 3
5 1 1 1 −3 −1 −4 0 4 −2 4 2 0 −4 5
−3 −5 1 −3 3 3 −1 1 1 −1 −1 −4 4 0 0
3 −1 −7 5 −2 2 2 −2 1 −1 −1 1 2 −4 2
0 −3 3 7 −7 2 −4 −2 4 5 −3 −3 −1 −6 6
4 −2 −8 4 6 0 9 −7 −7 3 −3 −1 −1 3 6
0 −2 −2 4 −2 0 0 −7 3 3 −1 1 1 0 2
−5 1 0 0 3 −1 −2 0 −3 3 2 −2 1 −1 0
0 −3 1 2 0 −3 3 4 −8 5 −3 −2 4 2 0
−1 1 −2 −2 3 −1 −2 −2 5 1 0 2 −5 1 −2
−2 5 −3 4 2 −5 1 2 0 −5 1 −2 2 3 −1
3 −3 0 0 −3 3 0 0 −3 3 0 0 3 −3 0
0 −3 3 0 0 3 −3 0 0 3 −3 0 0 −3 3
0 0 3 0 −1 0 −3 0 1 0 −3 0 1 0 3
0 −1 0 −3 2 3 0 3 −2 −3 0 3 −2 −3 0
−3 2 3 0 3 −3 −2 2 −3 3 0 0 −3 3 2
−2 3 −3 0 0 −3 3 0 0 1 −1 0 0 3 −3
0 0 −1 1 0 0 0 3 3 −2 −2 −5 −1 4 −2
1 1 4 −2 3 −1 −4 −4 −1 3 −2 4 1 1 −2
4 −1 −5 −2 −2 3 3 0 0 2 −4 0 2 −2 −2
4 −2 4 6 −4 0 −4 2 −2 0 2 2 −2 −2 −2
−2 4 −2 4 4 −4 0 −2 2 −2 −1 −2 −1 0 5
0 −3 2 3 −2 −5 0 −3 4 5 −2 1 2 1 0
−3 −2 1 0 −1 0 3 2 3 −4 −5 2 −1 0 1
0 5 −4 −3 2 3 0 −7 0 −3 4 5 −2 1 2
1 0 −3 −4 3 0 −1 0 −1 2 3 −2 −3 2 3
−5 0 2 −4 4 5 −5 −2 0 5 −3 3 −3 −2 2
−1 1 0 0 0 2 −3 1 −2 2 1 −1 −1 3 −2
0 1 −3 1 −3 0 4 0 −2 4 0 −1 −1 1 1
−2 0 −2 −5 −1 4 3 −1 −4 2 8 −1 0 −1 2
−5 3 −2 0 0 −3 3 0 0 3 −3 3 −3 0 0
−3 3 0 0 0 0 3 −3 0 0 −3 3 −3 3 0
0 3 −3 0 0 0 0 −6 2 1 −3 3 −1 3 −1
5 1 −4 4 −2 −2 −2 −2 4 −4 1 5 −1 3 −1
3 −3 1 2 −6 0 0 −3 −1 1 −1 1 −3 15 15
2 0 0 2 −4 0 2 −2 −2 0 2 −4 0 4 0
0 0 0 4 0 −4 2 0 −2 −2 2 0 −4 2 0
0 2 2 −2 0 2 −4 6 −2 −2 8 −4 0 0 2
0 −4 −2 2 0 0 2 0 2 4 −2 −4 −4 −2 −2
0 4 0 0 0 0 4 0 −2 −2 −4 −4 −2 4 2
0 2 0 0 2 2 −2 0 2 0 4 −2 −4 4 −2
0 0 2 0 −4 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
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Table 13. The seventh one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
1 −2 0 −1 −2 7 0 −3 1 0 −1 2 −1 −4 2
1 −2 −1 0 2 1 3 −1 −2 2 −1 3 −3 −2 0
−1 2 1 1 −2 −1 1 1 1 −2 1 2 −1 −1 −1
0 1 −1 0 2 0 0 −4 −4 0 0 0 0 1 −1
−1 1 0 0 0 0 −1 1 1 −1 0 0 0 0 −1
1 1 −1 0 0 0 0 1 −1 −1 1 0 0 −3 2
4 −3 1 0 −2 1 5 −4 −6 5 −3 2 4 −3 1
0 −2 1 1 −2 0 1 −3 2 4 −3 1 0 −2 1
−3 3 3 −3 1 −1 −1 1 5 −5 −5 5 −3 3 3
−3 1 −1 −1 1 1 −1 −1 1 −3 3 3 −3 1 −1
−1 1 0 −1 0 1 1 0 −1 0 −1 0 1 0 0
−1 1 0 0 −2 2 0 −1 3 −1 −1 −1 3 −1 −1
2 −4 0 2 2 0 −4 2 −1 −1 3 −1 −1 −1 3
−1 0 2 −2 0 −3 1 3 −1 3 −1 −3 1 3 −1
−3 1 −3 1 3 −1 3 −1 −3 1 −3 1 3 −1 −3
1 3 −1 3 −1 −3 1 4 −4 −2 2 −4 4 2 −2
−2 2 0 0 2 −2 0 0 −4 4 2 −2 4 −4 −2
2 2 −2 0 0 −2 2 0 0 −6 4 6 −4 6 −4
−6 4 6 −4 −6 4 −6 4 6 −4 4 −2 −4 2 −4
2 4 −2 −4 2 4 −2 4 −2 −4 2 4 −4 −2 2
−4 4 2 −2 −2 2 0 0 2 −2 0 0 −4 4 2
−2 4 −4 −2 2 2 −2 0 0 −2 2 0 0 −3 1
4 −2 3 −1 −4 2 2 0 −3 1 −2 0 3 −1 3
−1 −4 2 −3 1 4 −2 −2 0 3 −1 2 0 −3 1
−2 1 3 −2 2 −1 −3 2 2 −1 −3 2 −2 1 3
−2 2 −1 −3 2 −2 1 3 −2 −2 1 3 −2 2 −1
−3 2 −2 1 3 −2 2 −1 −3 2 2 −1 −3 2 −2
1 3 −2 2 −1 −3 2 −2 1 3 −2 −2 1 3 −2
2 −1 −3 2 −2 1 2 −1 3 −2 −3 2 2 −1 −2
1 −3 2 3 −2 2 −1 −2 1 −3 2 3 −2 −2 1
2 −1 3 −2 −3 2 1 −1 −2 2 0 0 1 −1 −1
1 2 −2 0 0 −1 1 1 −1 0 0 −2 2 1 −1
−1 1 0 0 2 −2 −1 1 1 −3 0 2 0 2 −1
−1 3 −2 −2 1 1 0 0 −1 1 −3 0 2 0 2
−1 −1 3 −2 −2 1 1 0 0 −1 3 −3 −2 2 −1
1 0 0 −4 4 3 −3 2 −2 −1 1 −3 3 2 −2
1 −1 0 0 4 −4 −3 3 −2 2 1 −1 3 −2 −3
2 −1 0 1 0 −4 3 4 −3 2 −1 −2 1 −3 2
3 −2 1 0 −1 0 4 −3 −4 3 −2 1 2 −1 −4
3 4 −3 4 −3 −4 3 3 −2 −3 2 −3 2 3 −2
2 −1 −2 1 −2 1 2 −1 −1 0 1 0 1 0 −1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 −1 0 −1 1 0 −1 1 1 −1 0
0 0 0 0 2 −1 −1 0 −2 1 1 1 −3 0 2
−1 3 0 −2 −2 0 3 −1 2 0 −3 1 1 1 −2
0 −1 −1 2 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 −3 2 0 −1 2 −1 0 −1 2 −1 −1 2 −1
0 0 −1 2 −1 −1 2 −1 0 −1 2 −1 0 2 −3
0 1 1 −2 −1 2 0 1 0 −1 1 −1 0 0 1
−1 0 0 1 0 −3 2 0 −1 2 −1 0 −1 2 −1
−1 2 −1 0 0 −1 2 −1 −1 2 −1 0 −1 2 −1
0 2 −3 0 1 1 −2 −1 2 0 1 −1 0 1 −1
0 0 1 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
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Table 14. The eighth one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
−1 1 1 1 1 −4 0 1 0 0 −2 0 1 2 0
−1 1 1 −1 0 0 −2 1 0 −1 1 −2 1 1 −1
1 0 0 −1 1 1 −1 −1 0 1 −1 −1 1 1 1
−1 −1 1 0 −2 0 0 4 4 0 0 0 0 −1 1
1 −1 0 0 0 0 1 −1 −1 1 0 0 0 0 1
−1 −1 1 0 0 0 0 −1 1 1 −1 0 0 1 0
−2 1 0 −1 1 0 −2 1 3 −2 1 0 −2 1 0
−1 1 0 −1 2 0 −1 1 0 −2 1 0 −1 1 0
1 −1 −1 1 0 0 0 0 −2 2 2 −2 1 −1 −1
1 0 0 0 0 −1 1 1 −1 1 −1 −1 1 0 0
0 0 0 1 0 −1 −1 0 1 0 1 0 −1 0 0
1 −1 0 0 1 −1 0 1 −2 0 1 0 −1 1 0
−1 2 0 −1 −1 0 2 −1 0 1 −1 0 1 0 −2
1 0 −1 1 0 1 0 −1 0 −1 0 1 0 −1 0
1 0 1 0 −1 0 −1 0 1 0 1 0 −1 0 1
0 −1 0 −1 0 1 0 −1 2 0 −1 1 −2 0 1
0 −1 1 0 0 1 −1 0 1 −2 0 1 −1 2 0
−1 0 1 −1 0 0 −1 1 0 2 −1 −2 1 −2 1
2 −1 −2 1 2 −1 2 −1 −2 1 −1 0 1 0 1
0 −1 0 1 0 −1 0 −1 0 1 0 −1 2 0 −1
1 −2 0 1 0 −1 1 0 0 1 −1 0 1 −2 0
1 −1 2 0 −1 0 1 −1 0 0 −1 1 0 1 0
−1 0 −1 0 1 0 −1 0 1 0 1 0 −1 0 −1
0 1 0 1 0 −1 0 1 0 −1 0 −1 0 1 0
1 0 −1 0 −1 0 1 0 −1 0 1 0 1 0 −1
0 −1 0 1 0 1 0 −1 0 1 0 −1 0 −1 0
1 0 1 0 −1 0 −1 0 1 0 −1 0 1 0 1
0 −1 0 −1 0 1 0 1 0 −1 0 1 0 −1 0
−1 0 1 0 1 0 −1 0 −1 0 1 0 −1 0 1
0 1 0 −1 0 −1 0 1 0 1 0 −1 0 1 0
−1 0 −1 0 1 0 0 0 1 −1 0 0 −1 1 0
0 −1 1 0 0 1 −1 −1 1 0 0 1 −1 0 0
1 −1 0 0 −1 1 0 0 0 1 0 −1 0 −1 0
1 −1 1 1 −1 0 0 0 0 0 1 0 −1 0 −1
0 1 −1 1 1 −1 0 0 0 0 −1 1 1 −1 0
0 0 0 1 −1 −1 1 0 0 0 0 1 −1 −1 1
0 0 0 0 −1 1 1 −1 0 0 0 0 −1 1 1
−1 0 0 0 0 1 −1 −1 1 0 0 0 0 1 −1
−1 1 0 0 0 0 −1 1 1 −1 0 0 0 0 1
−1 −1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 −1 1 0 1 −1 0 1 −1 −1 1 0
0 0 0 0 −1 0 1 0 1 0 −1 0 1 0 −1
0 −1 0 1 1 0 −1 0 −1 0 1 0 −1 0 1
0 1 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 −1 0 0 −1 1 0 0 −1 1 0 0 1
−1 −1 1 0 0 1 −1 0 0 1 −1 0 0 −1 1
0 0 0 1 0 −1 0 −1 0 1 −1 1 1 −1 0
0 0 0 0 0 1 −1 0 0 −1 1 0 0 −1 1
0 0 1 −1 −1 1 0 0 1 −1 0 0 1 −1 0
0 −1 1 0 0 0 1 0 −1 0 −1 1 0 −1 1
1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
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Table 15. The ninth one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
0 2 −1 0 1 −4 0 2 −2 0 4 −3 0 3 −2
0 2 0 1 −1 −2 −1 0 1 −3 0 −1 2 3 1
0 −2 −1 0 1 2 0 −2 −1 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1
0 0 1 −1 1 −1 0 0 −1 1 0 0 0 0 1
−1 0 0 −1 1 −1 1 0 0 1 −1 0 0 3 −2
−4 3 −2 1 3 −2 −4 3 5 −4 3 −2 −4 3 −1
0 2 −1 0 1 −1 0 2 −1 −3 2 −1 0 2 −1
3 −3 −3 3 −2 2 2 −2 −4 4 4 −4 3 −3 −3
3 −1 1 1 −1 0 0 0 0 2 −2 −2 2 −1 1
1 −1 0 1 0 −1 −1 0 1 0 1 0 −1 0 0
1 −1 0 0 2 −1 −1 0 −2 1 1 1 −3 0 2
−1 3 0 −2 −2 0 3 −1 2 0 −3 1 1 1 −2
0 −1 −1 2 0 3 −1 −3 1 −3 1 3 −1 −3 1
3 −1 3 −1 −3 1 −3 1 3 −1 3 −1 −3 1 3
−1 −3 1 −3 1 3 −1 −3 3 2 −2 3 −3 −2 2
2 −2 −1 1 −2 2 1 −1 3 −3 −2 2 −3 3 2
−2 −2 2 1 −1 2 −2 −1 1 6 −4 −6 4 −6 4
6 −4 −6 4 6 −4 6 −4 −6 4 −4 2 4 −2 4
−2 −4 2 4 −2 −4 2 −4 2 4 −2 −3 3 2 −2
3 −3 −2 2 2 −2 −1 1 −2 2 1 −1 3 −3 −2
2 −3 3 2 −2 −2 2 1 −1 2 −2 −1 1 3 −1
−4 2 −3 1 4 −2 −2 0 3 −1 2 0 −3 1 −3
1 4 −2 3 −1 −4 2 2 0 −3 1 −2 0 3 −1
3 −2 −3 2 −2 1 2 −1 −3 2 3 −2 2 −1 −2
1 −3 2 3 −2 2 −1 −2 1 3 −2 −3 2 −2 1
2 −1 3 −2 −3 2 −2 1 2 −1 −3 2 3 −2 2
−1 −2 1 −3 2 3 −2 2 −1 −2 1 3 −2 −3 2
−2 1 2 −1 3 −2 −2 1 −3 2 2 −1 −3 2 2
−1 3 −2 −2 1 −3 2 2 −1 3 −2 −2 1 3 −2
−2 1 −3 2 2 −1 0 1 1 −2 0 −1 −1 2 0
−1 −1 2 0 1 1 −2 −2 1 1 0 2 −1 −1 0
2 −1 −1 0 −2 1 1 0 0 2 0 −2 0 −2 0
2 −2 2 2 −2 0 0 0 0 0 2 0 −2 0 −2
0 2 −2 2 2 −2 0 0 0 0 −2 2 1 −1 2
−2 −1 1 3 −3 −2 2 −3 3 2 −2 2 −2 −1 1
−2 2 1 −1 −3 3 2 −2 3 −3 −2 2 −2 1 2
−1 2 −1 −2 1 3 −2 −3 2 −3 2 3 −2 2 −1
−2 1 −2 1 2 −1 −3 2 3 −2 3 −2 −3 2 4
−3 −5 4 −3 2 4 −3 −3 2 4 −3 2 −1 −3 2
−2 1 3 −2 1 0 −2 1 1 0 −2 1 0 −1 1
0 1 −1 −1 1 0 0 0 0 0 0 1 −1 1 −1
0 0 0 −1 −1 2 1 1 −2 0 0 −1 0 1 0
−1 1 0 0 −2 0 2 0 2 0 −2 0 2 0 −2
0 −2 0 2 2 0 −2 0 −2 0 2 0 −2 0 2
0 2 0 −2 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 1 0 0 1 −1 0 0 1 −1 0 0 −1 1
0 0 1 −1 0 0 −1 1 0 0 −1 1 0 0 1
−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 −1 1 0 0 1 −1 0 0 1 −1 0
0 −1 1 0 0 1 −1 0 0 −1 1 0 0 −1 1
0 0 1 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
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Table 16. The tenth one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
0 −1 1 0 −1 3 0 −2 1 0 −3 2 0 −2 2
0 −1 0 0 1 1 0 0 −1 2 0 0 −2 −2 0
0 2 1 0 −1 −2 0 2 1 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −2 2
2 −2 2 −2 −2 2 3 −3 −3 3 −3 3 3 −3 0
0 0 0 0 0 0 0 −1 1 1 −1 1 −1 −1 1
−2 2 2 −2 2 −2 −2 2 3 −3 −3 3 −3 3 3
−3 0 0 0 0 0 0 0 0 −1 1 1 −1 1 −1
−1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 −2 0 2 0 2 0 −2 0 2 0 −2
0 −2 0 2 2 0 −2 0 −2 0 2 0 −2 0 2
0 2 0 −2 0 −2 0 2 0 2 0 −2 0 3 −1
−3 1 −3 1 3 −1 2 0 −2 0 −2 0 2 0 −3
1 3 −1 3 −1 −3 1 2 −2 −2 2 −1 1 1 −1
−2 2 2 −2 1 −1 −1 1 −2 2 2 −2 1 −1 −1
1 2 −2 −2 2 −1 1 1 −1 −4 2 4 −2 5 −3
−5 3 5 −3 −5 3 −6 4 6 −4 2 0 −2 0 −3
1 3 −1 −3 1 3 −1 4 −2 −4 2 2 −2 −1 1
−2 2 1 −1 −2 2 1 −1 2 −2 −1 1 −2 2 1
−1 2 −2 −1 1 2 −2 −1 1 −2 2 1 −1 −2 0
3 −1 2 0 −3 1 2 0 −3 1 −2 0 3 −1 2
0 −3 1 −2 0 3 −1 −2 0 3 −1 2 0 −3 1
−2 2 1 −1 2 −2 −1 1 2 −2 −1 1 −2 2 1
−1 2 −2 −1 1 −2 2 1 −1 −2 2 1 −1 2 −2
−1 1 −2 1 2 −1 2 −1 −2 1 2 −1 −2 1 −2
1 2 −1 2 −1 −2 1 −2 1 2 −1 −2 1 2 −1
2 −1 −2 1 −2 2 1 −1 2 −2 −1 1 2 −2 −1
1 −2 2 1 −1 2 −2 −1 1 −2 2 1 −1 −2 2
1 −1 2 −2 −1 1 0 −1 −1 2 0 1 1 −2 0
1 1 −2 0 −1 −1 2 2 −1 −1 0 −2 1 1 0
−2 1 1 0 2 −1 −1 0 0 −2 0 2 0 2 0
−2 2 −2 −2 2 0 0 0 0 0 −2 0 2 0 2
0 −2 2 −2 −2 2 0 0 0 0 2 −1 −2 1 −2
1 2 −1 −2 1 2 −1 2 −1 −2 1 −2 1 2 −1
2 −1 −2 1 2 −1 −2 1 −2 1 2 −1 2 −1 −2
1 −2 1 2 −1 −2 1 2 −1 2 −1 −2 1 −2 1
2 −1 2 −1 −2 1 2 −1 −2 1 −2 1 2 −1 −3
3 3 −3 3 −3 −3 3 2 −2 −2 2 −2 2 2 −2
1 −1 −1 1 −1 1 1 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 −2 −1 −1 2 0 0 1 0 −1 0
1 −1 0 0 1 1 −2 0 −1 −1 2 −1 0 0 1
1 0 0 −1 −1 0 0 1 1 0 0 −1 2 −1 −1
0 −2 1 1 0 −1 0 2 −1 0 1 −1 0 0 1
−1 0 1 −2 0 1 1 0 −2 1 0 −1 1 0 0
−1 1 0 −1 2 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
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Table 17. The eleventh one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1
0 0 1 −1 1 −1 0 0 −1 1 0 0 0 0 1
−1 0 0 −1 1 −1 1 0 0 1 −1 0 0 0 1
−1 0 0 −1 1 0 0 −1 1 0 0 1 −1 0 0
−1 1 0 0 1 −1 0 0 1 −1 0 0 −1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 −1 −1 0 1 0 1 0 −1 0 0
1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 1 1 −1 0 0 0 0 1 −1 −1 1 0 0
0 0 1 −1 −1 1 0 0 0 0 −1 1 1 −1 0
0 1 −1 −1 1 0 0 0 0 0 0 1 −1 1 −1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 −1 0 1 0 1 0 −1 0 1 0 −1
0 −1 0 1 1 0 −1 0 −1 0 1 0 −1 0 1
0 1 0 −1 0 0 −1 1 0 0 1 −1 0 0 1
−1 0 0 −1 1 0 0 1 −1 0 0 −1 1 0 0
−1 1 0 0 1 −1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
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Table 18. The twelfth one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 1 1 −1 1 1 −1 −1 −1 1 −1 1 −1
1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 −1 −1 1 1 −1 −1 1 −1 1
1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 1
−1 −1 1 1 −1 −1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 −1 1 −1 −1 1
−1 1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1 1
−1 1 −1 1 −1 1 −1 −1 1 −1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −2 2 2 −2 0
0 0 −2 2 0 0 −2 2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 −1 1 −1 −1 1 1 −1 1 1 −1 −1 1 1
−1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
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Table 19. The thirteenth one of the 13 tuples (corresponding to
dim V oriw (4, 5) = 13) consisting of the coefficients in the order of
Gˇ4,5 ∩ Conn (Tables 4–6)
0 1 −1 0 1 −2 0 1 −1 0 2 −1 0 1 −1
0 1 0 0 −1 −1 0 0 1 −1 0 0 1 1 0
0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1
−1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1 −1
1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1
1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1
1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1
1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 −1 −1 1 −1 1 1 −1 −1 1
1 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1
−1 −1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1
1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1 1
−1 −1 1 1 −1 1 −1 −1 1 2 −2 −2 2 −2 2
2 −2 −2 2 2 −2 2 −2 −2 2 −2 2 2 −2 2
−2 −2 2 2 −2 −2 2 −2 2 2 −2 −1 1 1 −1
1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 1 −1 −1
1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1 1 −1
−1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1 −1
1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1
1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1
1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1
1 −1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 1
−1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1
−1 1 1 −1 1 −1 −1 1 −1 1 1 −1 −1 1 1
−1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1
−1 1 −1 1 1 −1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 1 1 −1 1
−1 −1 1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1
−1 1 1 −1 −1 1 1 −1 1 −1 −1 1 −1 1 1
−1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 1 −1
−1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1 1
−1 −1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1
−1 1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1
−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
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